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PREFACE

We are delighted to express our sincere gratitude to all participants, speakers, and chairs
for making The First International Conference on Mathematics and Applied Data
Science (ICMADS’25) a memorable and successful event. The conference was held
between 29-31 August 2025 at Necmettin Erbakan University, Ahmet Kelesoglu Campus
Congress Centre (Konya, Tiirkiye), and featured both onsite and online participation.
ICMADS’25 brings together leading researchers, leading experts and academics in the
field of Mathematics and Data Science in order to explore and exchange ideas at the
intersection of mathematics and data science, fostering innovation and collaboration.
During the conference, 12 special sessions and 244 presentations (excluding
invited/plenary talks) from 22 countries were delivered, creating a rich platform for
sharing knowledge, fostering collaborations, and exploring the future of mathematics
and applied data science. Also,

* 6 Plenary lectures by distinguished scholars,

¢ 8 Invited talks from leading researchers, and

e 7 parallel sessions (a total of 63 sessions) covering mathematics, artificial intelligence,
machine learning, optimization, cryptography, fractional calculus, and many other topics
were successfully presented.

ICMADS’25 represents a significant milestone in our ongoing efforts to foster and
advance international cooperation. In this scope, on behalf of the organising committee
of the conference, we extend our sincere appreciation to Plenary Speakers: Stuart
Townley (University of Exeter, United Kingdom), Sihem Mesnager (The University of
Paris VIII, France), Seref Sagiroglu (Gazi University, Tiirkiye), Hiiseyin Merdan, (TOBB
Economy and Technology University, Tiirkiye)) Murat Sar1 (Istanbul Technical
University, Tiirkiye), Dumitru Baleanu (Lebanese American University, Beirut, Lebanon)
and Invited Speakers: Yeliz Karaca (University of Massachusetts, USA), Jordan Hristov
(University of Chemical Technology and Metallurgy, Bulgaria), Amin Jajarmi (University
of Bojnord, Iran), Eray Cakici (Applied Materials, Frankfurt, Germany), Hossein Jafari
(University of South Africa, South Africa), Jorge Eduardo Macias-Diaz (Autonomous
University of Aguascalientes, Mexico), Carla M. A. Pinto (ISEP & CIDMA Polytechnic of
Porto, Portugal) and Praveen Agarwal (Anand International College of Engineering,
India). Also, we extend our gratitude to all authors for their valuable contributions and
to the reviewers for their careful evaluations and constructive feedback. Our gratitude
also goes to the members of the organizing and scientific committees for their
commitment and tireless efforts in ensuring the success of this conference. We are equally

thankful to the organisers of special sessions as well as our institutional partners,
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sponsors, and supporters for their continued encouragement and collaboration.

We extend our sincere best wishes to all participants, trusting that they departed with
valuable insights, enriched ideas, and newly established or strengthened scientific
collaborations. We hope the ICMADS’25 conference proved to be both enjoyable and
memorable for everyone.

On behalf of the organisation committee,

Chair Co-chair Co-chair

Mehmet Yavuz Stuart Townley Parvaiz Ahmad Naik
Necmettin Erbakan University, Tiirkiye; ~ University of Exeter, Youjiang Medical University
Kyrgyz-Turkish Manas University United Kingdom for Nationalities, China
Kyrgyzstan
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SPECIAL SESSIONS

1- Computational Mathematics
Prof. Dr. Mehmet Yavuz - Necmettin Erbakan University, Tiirkiye

Prof. Dr. Ercan Celik - Kyrgyz-Turkish Manas University, Kyrgyzstan
Prof. Dr. Firat Evirgen- Balikesir University, Tiirkiye

Theme

Computational Mathematics is a field that focuses on solving mathematical problems
using computational techniques and algorithms. It bridges the gap between mathematics,
computer science, and applied sciences, emphasizing the development and
implementation of numerical methods to analyze and solve complex mathematical

problems.

Topics

Numerical analysis (finite element methods, Monte Carlo simulations)
High-performance computing (parallel algorithms, GPU computing)
Scientific computing (PDE solvers, computational fluid dynamics)
Differential Equations Error and Stability Analysis
Monte Carlo and Stochastic Methods

2- Control Theory & Applications
Prof. Dr. Necati Ozdemir, Balikesir University, Tiirkiye

Assoc. Prof. Dr. Markus Mueller, University of Exeter

Assoc. Prof. Dr. Amin Jajarmi, University of Bojnord, Iran

Theme

This session aims to discuss a broad range of topics including current trends of linear,
nonlinear, discrete and fractional control systems as well as new developments in
robotics and mechatronics, unmanned systems, energy systems with the goal of

strengthening cooperation of control and automation scientists with industry.

Topics
Adaptive control Linear and nonlinear control systems
Optimal control Discrete time control systems
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Fractional order systems and control Robust control
Chaotic systems and control Robotic control
Evolutionary and heuristic control Energy management and control

Control of unmanned air and undersea vehicles

3- Mathematical Biology & Ecology
Prof. Dr. Stuart Townley, University of Exeter, United Kingdom

Prof. Dr. Carla M. A. Pinto, Instituto Superior de Engenharia do Porto, Portugal

Prof. Dr. Md. Haider Ali Biswas, Khulna University, Bangladesh

Theme

Mathematical Biology and Ecology is an interdisciplinary field that uses mathematical
models and computational techniques to understand biological and ecological systems.
It integrates mathematical theories with biological processes to analyze complex

phenomena and predict outcomes.

Topics
Population Dynamics and Models Epidemiology and Disease Modeling
Evolutionary Models Physiological and Biochemical Modeling

Ecosystem and Community Models Mathematical Ecology Techniques
Spatial and Spatiotemporal Models Pattern Formation and Morphogenesis
Conservation and Resource Management Models

Genomics and Systems Biology

4- Fractional Calculus with Applications

Prof. Dr. Dumitru Baleanu, Lebanese American University, Lebanon

Prof. Dr. Thabet Abdeljawad, Prince Sultan University, Saudi Arabia

Prof. Dr. Jordan Hristov, University of Chemical Technology and Metallurgy, Bulgaria

Theme

In the past few decades, fractional differential equations have played a very important
role in various fields. Based on the wide applications in engineering and sciences such as
physics, mechanics, chemistry, and biology, research on fractional ordinary or partial
differential equations and other relative topics is active and extensive around the world.
In the past few years, hundreds of research papers, monographs, and international
conferences have witnessed an increase in the number of this subject. The objective of this

special session is to highlight the importance of theoretical aspects and numerical
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methods in fractional calculus and their applications and let the readers of this journal

know about the possibilities of this new tool.

Topics

New methods for solving fractional differential equations

Controllability of fractional order systems

Iteration methods for solving partial and ordinary fractional equations

Numerical methods for solving fractional integro-differential equations

Local and nonlocal boundary value problems for fractional partial differential equations
Stochastic partial fractional differential equations and applications

Computational methods in fractional partial differential equations

Numerical methods for solving variable order differential equations

Perturbation methods for fractional differential equations

5- Mathematical Finance & Risk Analysis

Prof. Dr. Ralf Korn, University of Kaiserslautern-Landau, Germany

Assoc. Prof. Dr. Sascha Desmettre, Johannes Kepler University Linz, Austria

Assoc. Prof. Dr. Bilgi Yilmaz, Kahramanmaras Siitgii Imam Universitesi, Tiirkiye

Dr. Christian Laudagé, University of Kaiserslautern-Landau, Germany

Dr. Laurena Ramadani, University of Kaiserslautern-Landau, Germany

Theme

Mathematical Finance is a field that applies advanced mathematical models and
techniques to analyze financial markets, assess risks, and optimize investment strategies.
It focuses on understanding and managing financial risk, valuing assets, and making
informed decisions in financial markets. It bridges the gap between mathematics,
economics, and finance, emphasizing the use of probability theory, stochastic processes,
and numerical methods to model asset prices, evaluate derivatives, and manage financial

risk.

Topics

Financial Economics

Green and Sustainable Finance (Electricity, Energy,...)
Insurance (Climate Risk, Cyber Risk, ...)

Statistics for Financial Markets and Large Language Models
Mean Field Games and Stochastic Control

New Technologies in Finance and Insurance (Computational Methods and Machine

10
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Learning, Cryptocurrencies, Limit Order Book and High Frequency Trading, Algorithmic
Trading)

Optimal Transport (Robust Finance)

Portfolio Optimisation

Risk Management (Risk Allocation, Risk Aggregation, Credit Risk and Systemic Risk)
Rough Analysis in Finance and Insurance (Rough and Stochastic Volatility)

Stochastic Optimal Control

Derivative and Option Pricing &Hedging

6- Computational and Mathematical Neuroscience & Medicine
Prof. Dr. Yeliz Karaca, University of Massachusetts (UMass) Chan Medical School, USA

Prof. Dr. Dumitru Baleanu, Lebanese American University, Lebanon

Prof. Dr. Yu-Dong Zhang, University of Leicester, United Kingdom

Theme

The junction of computational and mathematical neuroscience as well as medicine
reflects and demonstrates a transformative dimension for the understanding and treating
of various disorders among which neurological ones pose a global burden. It has become
possible, via application of advanced mathematical models and computational
techniques, to simulate neural activities while exploring the complexities of brain
structure and function to unearth the underlying mechanisms across medicinal, clinical
and neurological conditions which may also be affected by external factors. Furthermore,
the interplay of neuroscience and Artificial Intelligence (AI) can provide us with
innovative models benefiting from the computational power of Al to yield more accurate
solutions through advanced technologies that reveal complex neural mechanisms to
enhance understanding. Consequently, the aim of our special session is to work toward
enabling the development of mathematical and predictive models by attempting to
bridge the gap between theoretical neuroscience and clinical practices, where
computational and mathematical neuroscience hold the potential to transform the way
of diagnosis, management as well as curing diseases, paving the way for more accurate

results and improved patient outcomes.

Topics
Computational neuroscience and models Mathematical modeling
Disease dynamics and complex attributes Computational biology

Fractional calculus in medicine/biology/neurology =~ Mathematical bioengineering

Advanced neurological data analysis ~ Personalized medicine applications

11
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Signal / image processing Complex networks and pattern recognition
Biotechnology and / or bioengineering practices

Artificial Intelligence (Al) in neuroimaging

Fractal applications in medicine/biology/neurology

Deep learning and neural networks for brain disorder diagnosis, prognosis and
prediction

Artificial Intelligence (AlI) applications in medicine, neuroscience, biology and clinical

settings

7- Optimization & Operations Research
Prof. Dr. Gerhard-Wilhelm Weber, Poznan University of Technology, Poland

Prof. Dr. Ibrahim Kucukkoc, Balikesir University, Tiirkiye
Prof. Dr. Osman Taylan, King Abdulaziz University, Saudi Arabia

Theme
The goal of this session is to discuss recent developments in applications of optimization
methods by bringing together researchers and practitioners working in the field of

optimization theory, methods, software and related areas.

Topics

Mathematical programming Global optimization
Nondifferential optimization Continuous optimization
Combinatorial optimization Multicriteria optimization
Equilibrium programming Game theory

Applications of optimization in engineering Population based algorithms
Applications of optimization in natural sciences Data mining

8- Nonlinear Dynamical Systems & Chaos Theory
Prof. Dr. Hiiseyin Merdan, TOBB Economy and Technology University, Tiirkiye

Prof. Dr. Parvaiz Ahmad Naik, Youjiang Medical University for Nationalities, China
Prof. Dr. Akif Akgtil, Hitit University, Tiirkiye

Theme
Nonlinear Dynamical Systems and Chaos Theory is a branch of mathematics and physics
that studies systems governed by nonlinear equations, where small changes in initial

conditions can lead to vastly different outcomes. It focuses on understanding complex

12


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

and chaotic behaviors in deterministic systems.

Topics

Nonlinear dynamics & bifurcation theory Feedback systems
Chaos and fractals in real-world applications Quantifying chaos
Hamiltonian and conservative systems Fractals and strange attractors

Coupled and synchronizing systems

9- Analysis, Algebra, Geometry & Topology
Prof. Dr. Biinyamin Aydin, Necmettin Erbakan University, Tiirkiye

Prof. Dr. Nihat Akgiines, Necmettin Erbakan University, Tiirkiye
Assoc. Prof. Dr. Ahmet Sinak, Akdeniz University, Tiirkiye

Prof. Dr. Nesip Aktan, Necmettin Erbakan University, Tiirkiye
Prof. Dr. Sedat Pak, Karamanoglu Mehmetbey University, Tiirkiye

Theme

Structures, Symmetries, and Abstractions: Contemporary Explorations in Pure
Mathematics. This session highlights current research and theoretical developments in
Pure Mathematics. It welcomes contributions from all areas that emphasize deep
structural understanding, abstraction, and rigorous proof. The goal is to showcase the
elegance, interconnectedness, and foundational power of mathematics in its purest

form —spanning both classical theory and modern innovation.

Topics

Analysis

Real and complex analysis, including function theory

Measure theory and integration

Functional analysis Banach space theory

Harmonic analysis Fourier theory

Algebra and Number Theory

Group theory, ring theory, and field extensions

Algebraic number theory and Diophantine equations
Modular forms, elliptic curves, and Galois representations
Commutative algebra and ideal theory

Symbolic computation & computer algebra systems

13


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

Parallel & distributed computing
Coding theory & cryptography

Geometry and Topology

Differential geometry and Riemannian manifolds
Algebraic geometry and schemes
Low-dimensional topology and knot theory

Homotopy theory and higher category theory

10- Computational Statistics and Probability
Prof. Dr. Neslihan Iyit, Selcuk University, Tiirkiye

Assoc. Prof. Dr. Ahmet Pekgor, Necmettin Erbakan University, Tiirkiye
Dr. Ozan Evkaya, The University of Edinburgh, Scotland, United Kingdom
Assoc. Prof. Dr. Mustafa Cavus, Eskisehir Technical University, Tiirkiye

Theme

The objective of this session is to apply numerical methods to statistical problems and
probabilistic models. Harnessing advanced statistical methods and probabilistic models
to tackle data-driven challenges in science and technology.

Topics

Core statistical computing for data science Scalable algorithms for massive data
Data science applications with statistical rigor Probability in machine learning & Al
Probabilistic programming (Stan, PyMC, Turing.jl): making advanced models accessible
to data scientists

R/Python for scalable statistical computing: efficient libraries and workflows (e.g.,
NumPyro, TensorFlow Probability)

11- AI & Machine Learning Applications
Prof. Dr. Seref Sagiroglu, Gazi University, Computer Engineering Department; IEEE

Blockchain, Tiirkiye
Prof. Dr. Ali Turab, School of Software, Northwestern Polytechnical University, China
Dr. Seda Karateke, Atlas University, Tiirkiye

Theme
This session delves into the scientific and mathematical foundations and applications of
Artificial Intelligence and Machine Learning. It invites contributions that highlight

14
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theoretical advances, mathematical modeling, algorithmic innovation, and the
application of AI/ML methods to solve complex scientific problems. Emphasis is placed
on rigorous approaches, interdisciplinary integration, and real-world scientific discovery

powered by intelligent systems.

Topics

Mathematical foundations of machine learning Al in scientific computing
Geometric and topological methods in Al

ML for data-driven scientific discovery

Integration of symbolic mathematics with machine learning

Control theory, signal processing, and inverse problems solved with ML

ML applications in educational data science

12- Mathematical Techniques in Data Science
Dr. Abdallah Alsammani, Jacksonville University, Florida, USA

Dr. Eray Cakici, Applied Materials, Frankfurt, Germany

Dr. Osman Yardimci, Tuskegee University, Tuskegee, AL 36088, USA

Dr. Tahir Issa, Data Science, Machine Learning, Deep Learning, Statistics, San José State
University, USA

Theme

The objective of this session is to explore recent advancements in different areas of Data
Science. This session also explores the mathematical foundations and methodologies that
drive innovations in Data Science. It aims to bring together researchers working on the
interface of mathematics and data-intensive applications across various domains. The
session welcomes contributions emphasizing rigorous mathematical modeling,
algorithmic development, and analytical techniques to uncover insights from complex
data. Special attention will be given to interdisciplinary approaches, theoretical

advancements, and real-world problem solving through mathematical data science.

Topics

Emerging Trends in Mathematics and Data Science

Data Science in Healthcare and Medicine

Emerging Trends in Mathematics and Data Science
Mathematical Models in Healthcare and Biomedical Data Science

Financial and Marketing Analytics

15
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Mathematical Approaches to Energy Data and Management
Modeling and Analytics for Climate Change

Applications for Data Science in Education and Natural Sciences
Big Data Analytics and Mathematical Visualization Techniques
Econometric Models and Statistical Learning

Optimization, Inference, and Data-Driven Decision Making

16
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Investigation of a Modified Method for Solving Partial

Differential Equations

Onur Karaoglu™

Department of Mathematics, Selguk University, Konya, Tiirkiye

& Corresponding Author Email: okaraoglu@selcuk.edu.tr

Abstract

This study examines the Adomian decomposition method, which has been around in the literature
for a long time and has inspired similar decomposition methods, and a modification of this method.
This modification involves decomposing the initial function into two parts. This study will detail
some basic expressions related to the method's use to provide a basis for future work. Furthermore,
the method's effectiveness will be tested for a partial differential equation and a system of partial
differential equations we constructed using the inverse problem approach.

Keywords: Adomian decomposition method, modified form, partial differential equation

1- Introduction

Mathematical models of real-world problems are often expressed using differential equations. If
the problem involves different parameters affecting the dependent variable, we encounter a partial
differential equation. While it is normally possible to find an exact solution for a very limited
number of differential equations systematically, achieving an exact solution for a partial
differential model is more challenging. Therefore, numerical or semi-analytical solution methods
have long been used to address these needs.

Numerous solution methods, categorized differently, exist in the literature. While each method has
various advantages over the other, modifications of these methods and the combination of two
methods into a hybrid form are currently popular topics of study.

In this study, the Adomian decomposition method is considered due to its advantages such as fast
convergence to the solution, easy obtaining of the recurrence relation, and ease of coding. The
method first became visible in 1976, when Adomian extended his studies involving linear
problems, where he took the first steps of the method, to nonlinear stochastic differential equations
[1]. The development of the subject continued in his book, which began with this work and studied
nonlinear stochastic operator equations with method [2]. Later, the method appeared in the
literature, referred to as the decomposition method, with a nonlinear example [3]. Following this
study, a series of studies followed, in which the method's development continued, convergence
was investigated, and applications of some basic equation types were included [4-11].

Modifications have often been made to increase the effectiveness of the methods in solving
differential equations. The Adomian decomposition method has numerous modifications [12]. In
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this study, we will consider the modification made through the selection of initial values [13]. The
remaining sections of this study will provide information about the Adomian decomposition
method and its modification. The methods will then be tested on a partial differential equation and
a system of partial differential equations generated using inverse problem logic. The problems
generated are created with highly oscillatory functions due to the variation of independent
variables, which are difficult to solve.

2- Semi-analytical methods

2.1 Adomian decomposition method

In solving partial differential equations, knowing the general solution forms for the selected
variable is crucial for using the method. So, let's explain this here to address that need.

The method is first expressed through the general form of single-variable differential equations
F(u(t) =2(0). <1>

Here, F is a differential operator that contains both linear and nonlinear terms in the differential
equation. Let us consider the differential operator F together with the derivative operators as

Lu+Ru+Nu=g. ()

Let u denote the unknown function. Here, L represents the highest-order linear differential operator
in the equation, R corresponds to the remaining part of L and is of lower order compared to L,
while N denotes the nonlinear term of the equation. The inverse of the linear differential operator

L is the integral operator. If L represents differentiation n times, then L™ corresponds to integration
n times. Assuming that the inverse of the highest-order linear operator L exists and is denoted by

L', and applying the integral operator L' to Eq. (2), we obtain:
L'Lu=L"¢g—L"'Ru—L"Nu. (3)

A general expression for the term L'Lu on the left-hand side of Eq. (3) can be derived. In the
literature, this operation is usually expressed with respect to the variable #; considering u = u(x,t)

n

t t
and L, = R its inverse integral operator can be written as L' = I . I (.)(dt)". Taking this into
0 0

account, we extend the definition to functions of two variables. To illustrate the procedure
explicitly and better understand the generalization, let us consider the case n =3. For u = u(x,t)

o’ .. . . Cr
and L = y,the corresponding inverse integral operator is given by L' = _[ .”()(dt)s
000

During these operations, it becomes evident that introducing a constant function at the initial step
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of the definite integral is, in fact, unnecessary.

;[;U_” j{j(%f(x)j

Ih\ o\ 1o

dt}dt

S e =)

fo

t

dt

fy

t 2 2
:J- Gu(x,t) _tﬁ u();,to) B Gu(x,to) . 0 u(i,to)jdt
POt ot ot ot

ot o o

2 A2 2

:“(xaf)—t_a u();,to) —tau(x’to) +1t, 0 u(ﬁ’to)
2 o ot ot

o qu(x:to) o au(x,to) _p azu(x,to)

2 afz 0 61‘ 0 atz

—u(x,t,)+

Here, for the sake of simplicity and as is the case in many problems, let us take f, =0. Then, we

have

t? 82u(x,0) , au(x,O)

L;lLu:u(x,t)—E Py Py —u(x,O).

Rearranging this expression yields

2 A2
L'Lu =u(x,;)_u(x’0)_t6u(x,0) 0 u(x,O)'

ot 2 o
L = % , L' = I . I (.)(dr)" and proceeding to the generalization, one obtains
0 0
B ﬁu(x,O) t 82u(x,0) ! 8”_1u(x,0)
L'Lu= ) — ,0)—t -— - . 4
e (n-1)1 o @

Thus, the general form is obtained.

It should be noted that similar operations can also be performed with respect to the variable x. In
this case, from the corresponding expression we obtain
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2 2 n—1 n—1
Oox 2 o (n—l)! ox"

Proceeding with Eq. (3) in terms of the variable ¢#, we obtain

_, 8u(x,0) _ﬁ azu(x,O) _ ! 8"’1u(x,0)
ot 2 o o (n-1) o
=L'g—L"'(Ru)—-L"(Nu)

L'Lu=u(x,t)—u(x,0)

From this, it follows that

ou(x,0) > *u(x,0 7 0" u(x,0 ~ - ~
u(x,t)=u(x,0)+1¢ (6t )+E 6(t2 )+...+(n_1)! 61‘51 )+L1g—L‘(Ru)—L'(Nu)
If we choose
B au(x,O) * 82u(x,0) ! 6”’1u(x,0)
f(x,t)—u(x,0)+t o +5 Y +...+(n_1)! P
then
u(x,t)=f(xt)+L'g—L"(Ru)—L"(Nu) (6)

According to the method, the unknown function u is considered in series form as

u(x,t) = Zun (x,t) . In the standard form of the method, the first term u, of this series solution is
n=0

defined as the sum of the part containing the initial conditions and the operator L'g , that is,
u, = f(x,t)+L'g(x,¢). With the aid of u,, the iterative relation can be constructed, and the other
components of the series solution, u,, u,,...,u, can be obtained. Moreover, the nonlinear term Nu

in Eq. (2), which is a polynomial of u,,u,,u,,...,u, and is expressed as the sum of the polynomials

A,, called the Adomian polynomials, is written as Nu=ZAn(u0,u1,u2,... u,), where the

>%n
n=0

Adomian polynomials can be determined in various ways.

Returning to the solution form u(x,¢) :Zun (x,¢) and substituting it into Eq. (6), the series
n=0

solution, assumed to be convergent, can be rewritten as

o0

iun (x,t) =u, — L’lRiun (x,t) - L’IZAn (uo,ul,uz,. . .,un) which yields the general series
n=0

n=0 n=0

solution. From this identification, equality can be written more explicitly as
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u, :f(x,t)+L’1g(x,t)
u,=—L"(Ruy)—L"(4,)

uy =L (Ru))~ L (4)

L' (Ru,)-L"(4,), n=0. (7)

n+l

The decomposed form of the polynomials 4, mentioned above can be obtained in three different

ways. Without delving into further details, and for the sake of computational convenience, we take
the general form of the decomposed polynomials as

A = {di” [Z/lkuk H B , n>0 (8)

as given in [14].

Using the decomposition method, for a closed-form solution function u, we have

é,(x.t)= iuk (x,1), n=0

such that

limg, (x,t) = u(x,t)

n—>0

The evaluation of this expression requires examining whether the terms u#, correspond to the series

expansion of a function. If they do, the exact solution is obtained; otherwise, an approximate
solution can still be deduced.

2.2 Modified Adomian decomposition method

There exist numerous modifications of the method, and in this study, the modification presented
in reference [13] will be considered.

This modification follows the procedures carried out in the classical method up to Eq. (6), and
selects the first two terms on the right-hand side of Eq. (6) as the function £:

u=k(x,t)—L"(Ru)—L"(Nu) ©)

Accordingly, the function k& in Eq. (9) represents the integration of the source term g and the terms
arising from the use of the given initial conditions.
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In the standard Adomian method, by choosing u, = k(x,t) , the other components u,,u,,... are

obtained with the aid of the recursive iteration. In contrast, in the modified Adomian method, the
function £ is divided into two parts, k, and £, .In this case, one has

k(x,t) =k (x,t) +k, (x,t).

Based on this, the modification summarized by Eq. (10) introduces a slight change in the

components #, and u, as specified below, followed by a newly modified recursive relation:
u, =k, (x,1)
u, =k,(x,t)—L" (Ruy)— L (4,) (10)

Uy = _L_l (Run+1) o L_] (An+l )9 n=0.

In order to further improve the effectiveness of the modified method, it is recommended to

decompose the function k& and construct u, =kl(x,t) with a minimal number of terms.

Consequently, the reduction in the u, term leads to a corresponding decrease in computational

steps, which in turn facilitates faster convergence. Furthermore, as demonstrated in several
examples [13], this slight modification can, in some cases, render the use of Adomian polynomials,
typically indispensable for nonlinear problems, unnecessary, particularly when the solution is
achieved within only two iterations.

3- Applications

To evaluate the method and its modified form, two examples will be considered. These examples
have been constructed based on the inverse problem approach, aiming to extend beyond classical,
simple cases. By selecting functions that exhibit significant oscillations across the independent
variables, the performance of the methods under more challenging conditions will be assessed.

Example 1.
Let us consider the equation

0 0 .
A =¥ sint - 24 cos’t, (11)
ot  ox

together with the initial condition
u(x,O) =—x". (12)

We shall first obtain the solution of the equation using the classical Adomian method. Since the
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equation is nonlinear, it is necessary to construct Adomian polynomials for the term u@—
X

Although the polynomials can be generated directly in this form, for convenience the term will be
2

: 1 . : . : .
rewritten as _8L , and the corresponding polynomials will be derived accordingly. On the other
X

hand, in order to incorporate the initial condition, we will employ the operator L, by taking into

account the variation along .

Let us express Eq. (11) by means of the operator L,

1 ou’ .
L,u——aL=x2 sint —2x’ cos’ ¢ . (13)
ox

If L' is applied to Eq. (12), and by considering Eq. (3) with n=1, we obtain

2
u(x,t)—u(x,0)- %Ltl aaix =L (x2 sint — 2x” cos” t) : (14)

By employing the initial condition and performing the integral operation on the right-hand side,
the following equation is obtained:

1 ? :
u(x,t)=—x"+=L' ou —x’cost —x’ costsint —x't (15)
2 ox

From Eq. (15), by taking the initial function and the first term of the semi-analytical solution as
uy(x,1) =—x —x* cost —x° costsins — x’t (16)

and considering Eq. (7), the recursive relation is constructed in the form

unﬂ(x,t):%L,l%An. (17)

When four iterations are carried out, an approximate solution with a considerable number of terms
is obtained. Therefore, in Table 3.1, we present a comparison between the exact solution of Eq.

(11), given by the function u,,, (x,7)=—-xcost, and the approximate solution obtained, based

on selected numerical values.

Table 3.1. In the classical Adomian decomposition method, the values of Ugyqce, Uciassical approx @nd the resulting
Error corresponding to various x and ¢ values.

(x, t) UExact Uclassical Approx Error
(0,0) 0 0 0
(0,05) |0 0 0
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(0,1.0) |0 0 0

(0.5,0) |-0.25 -0.500000 0.250000
(0.5,0.5) | -0.21939564 -1.8423308 1.6229352
(0.5,1.0) | -0.13507558 -42.556655 42.421579
(1.0,0.0) | -1.00 -1.998 0.998
(1.0,0.5) | -0.87758256 -230.55153 229.67395
(1.0,1.0) | -0.54030231 -8631.6705 8631.1302

Let us now solve Eq. (11) using the modified Adomian decomposition method. The initial steps
of the modified form are identical to those of the classical approach. The modified form begins
with the selection of the initial function in two parts. Taking the initial function obtained in Eq.
(16) as

k(x,t)=—x* —x*cost —x’ costsint — x’t (18)

we divide it such that the first part is the simpler component and the second part corresponds to
the remaining terms:

k (x,t)=—x, (19)
k, (x,t) =—x’ cost —x’ costsint —x’t . (20)

In this case, according to the iterative scheme specified in Egs. (10), we can write

2

Uy, =—x
2 3 : s, , 1,10
u, =—x"cost—x costsint—xt+—L —A4, (21)
2 ox
1
un+2 :_L;IEAVH—I’ I’ZZO
2 ox

If the second equation in Egs. (21) is executed once, and the final recursive relation is iterated four
times, the values presented in Table 3.2 are obtained.

Table 3.2. In the modified Adomian decomposition method, the values of, Ugyact, Umodified approx @nd the resulting
Error corresponding to various x and ¢ values.

(x, t) UExact UModified Approx Error
(00 |0 0 0
(0,05) |0 0 0
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(0,1.0) |0 0 0

(0.5,0) |-0.25 -0.50000000 0.25000000
(0.5,0.5) | -0.21939564 -0.39984794 0.18045230
(0.5,1.0) | -0.13507558 -0.35509840 0.22002282
(1.0,0.0) | -1.00 -2.000000 1.000000
(1.0,0.5) | -0.87758256 -2.3722154 1.4946328
(1.0,1.0) | -0.54030231 4.3060835 4.8463858

The results obtained demonstrate that, in this challenging example, the modified method provides
better outcomes compared to the classical method. Moreover, in terms of computational time, the
modified method reaches the results in approximately half the time required by the classical
method for four iterations.

Example 2.

Let us consider the system

ou ov “x 2 —x,

= —u—=—te” + X’ tsint (22)
ox ot

ov Ovou 5 . x

— +—— =—x"sint —2xe ‘tcost (23)
ot Ox Ox

u(0,¢)=t, v(x,0)=x". (24)

If we solve this system using the classical Adomian method, we first express Egs. (22)-(23) in
terms of operators:

8\/ —x 2 —X4:
Lu—-u—=—te” +x"e tsint, (25)
: ot
ov 0 .
Lv+— A —x sint —2xe "t cost . (26)
Ox Ox

Applying L' and L, to Eqs. (25) and (26), respectively, yields
-1 8‘} _ 71 —X 2 —x, .
u(x,t)—u(O,t)—Lqu—Lx (—te +x’e tsmz‘), (27)

v(x,t)-v(x,0)+ L' %g—z =L (—x2 sint —2xe 't cost) . (28)

By employing the initial conditions and carrying out the integration on the right-hand side, we
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obtain
-1 6‘} —X -X —X 3 2, —x
u(x,t)=t+Lxua—+te —2te”" sint —2xte * sint —x’te *sint (29)
t
_,0vou Ty .
v(x,t):x2—L,la—a—+xzcost—2xe cost —2xte *sint . (30)
X Ox

From Egs. (29)-(30), by taking the initial functions and the first terms of the semi-analytical
solutions as

uy (x,t)=t+te™ —2te” sint —2xte™ sint —x’te” sint (31)
vy (x,8) =" +x* cost —2xe ™" cost —2xte ™ sint, (32)

and considering Eq. (7), the recursive relations for each equation can be written separately in the

form
u,.,(xt)=L'4,, (33)
v, (xt)=L'B,. (34)

A comparison of the approximate solutions obtained after four iterations with the exact solutions
of the system, given by the functions u,,, (x,f)=te™* and v, (x,t) =x" cost, will be presented

in Table 3.3 and Table 3.4.

Table 3.3. In the classical Adomian decomposition method, the values of Ugyact, Uciassical approx @nd the resulting

Error corresponding to various x and # values.

(x,t) UExact Uciassical Approx Error

(0,00 |0 0 0

(0,0.5) 0.5 0.5233523156 0.0233523156
(0,1.0) | 1.0 0.2757008528 0.7242991472
(0.5,0) | 0 0 0
(0.5,0.5) | 0.3032653298 0.2948900554 0.0083752744
(0.5,1.0) | 0.6065306597 -0.2022719232 0.8088025829
(1.0,0.0) | O 0 0
(1.0,0.5) | 0.1839397206 0.0956801006 0.0882596200
(1.0,1.0) | 0.3678794412 -0.5463520676 0.9142315088

Table 3.4. In the modified Adomian decomposition method, the values of, Vgyqce, Veiassicat approx @nd the resulting

Error corresponding to various x and ¢ values.

(x,t)

VExact

Vclassical Approx

Error
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(0,00 |0 0 0

(0,0.5) [0 -0.1566042423 0.1566042423

(0,1.0) (O 4.437925249 4.437925249

(0.5,0) [0.25 -0.1065328762 0.3565328762
(0.5,0.5) | 0.2193956405 -0.1265917038 0.3459873443
(0.5,1.0) | 0.1350755765 -0.1875222081 0.3225977846
(1.0,0.0) |1 1.264243165 0.264243165
(1.0,0.5) | 0.8775825619 1.086090397 0.2085078351
(1.0,1.0) | 0.5403023059 0.4814689628 0.0588333431

Let us now solve Egs. (22)-(23) using the modified Adomian decomposition method. Since the
modified method involves the decomposition of the initial function, we write the initial functions

obtained from Egs. (31)-(32) as

ke(x,t)=—t+te™ —2te ™ sint —2xte”* sint —x’te”* sint ,

I(x,1)=x"+x" cost —2xe ™ cost —2xte " sint .

The decomposition is chosen as follows:

k(xt)=t,

k, (x,t)=te™™ —2te™ sint —2xte " sint —x’te” sint

[ (x,t)=x"

b

L, (x,t)=x" cost —2xe* cost —2xte " sint .

In this case, according to the iterative scheme specified in Egs. (10), the sets of equations

u, =t

_ 71
un+2 - Lx An+1
Vo =X

o
Voo = LI Bn+l

are written. If the equation sets in (41)-(42) are executed four times, the values presented in Table

3.5 and Table 3.6 are obtained.

u, =te " —2te " sint —2xte “sint — x’te *sint + L' 4,

v, = x” cost —2xe *cost —2xte *sint + L,'B,

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)
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Table 3.5. In the classical Adomian decomposition method, the values of Ugyact, Umoaifiea approx @nd the resulting

Error corresponding to various x and ¢ values.

(x,t) UEgxact UModified Approx Error
(0,0) 0 0 0
(0,0.5) | 0.5 0.5205744619 0.0205744619
(0,1.0) | 1.0 0.3170580253 0.6829419747
(0.50) |0 0 0
(0.5,0.5) | 0.3032653298 0.2458325263 0.0574328035
(0.5,1.0) | 0.6065306597 -0.5237564360 1.130287096
(1.0,0.0) | O 0 0
(1.0,0.5) | 0.1839397206 0.3023165239 0.1183768033
(1.0,1.0) | 0.3678794412 0.2532299488 0.1146494924

Table 3.6. In the modified Adomian decomposition method, the values of, Vgyact, Vmoaifiea approx and the

resulting Error corresponding to various x and f values.

(x,t) VExact VModified Approx Error
(0,00 |0 0 0
(0,0.5) [0 -0.2493557065 0.2493557065
(0,1.0) (O -0.9600351320 0.9600351320
(0.5,0) [0.25 -0.1065306599 0.3565306599
(0.5,0.5) | 0.2193956405 -0.09987554449 0.3192711850
(0.5,1.0) | 0.1350755765 -0.2716542468 0.4067298233
(1.0,0.0) | 1.00 1.264241118 0.264241118
(1.0,0.5) | 0.8775825619 1.361230548 0.4836479861
(1.0,1.0) | 0.5403023059 1.467320297 0.9270179911

The results obtained indicate that, in this complex system, the modified method yields better
outcomes than the classical method at most points for the u function, whereas the classical method
performs better for the v function. An important distinction in this context also lies in the
computational times.

4- Conclusions

In this study, the Adomian decomposition method, which has been present in the literature for
some time and has also been used in hybrid forms with other methods, along with a modification
of this method, has been considered. Despite the existence of numerous modifications, the form
proposed by Wazwaz has been adopted. The problems considered for both the original method and
its modification were constructed based on the concept of inverse problems, aiming to be more
challenging than those available in the literature. Applying the methods to these problems revealed
notable differences, particularly in terms of the computational time required for the iterations. In
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both examples, the modification reached the solution significantly faster than the classical form.
In fact, in the second example, while the classical method produced results in approximately seven
minutes, the modified method completed the same number of iterations in just about five seconds.
When the results are assessed on a point-by-point basis, there are locations where the classical
method provides satisfactory outcomes; however, the alternatives offered by the modified method
in the selection of the initial function, along with its speed, make it stand out. In particular, in the
second example, assigning the exact solutions to the first part of the initial function yielded better
results. Nevertheless, these results are not presented here in order to avoid increasing the scope of
the study. Although there is no specific rule for decomposing the initial function, choosing the first
part in a simpler form enhances the speed of the method.
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Abstract

PID controllers have remained a cornerstone in control engineering, thanks to their straightforward
design, ease of implementation, and generally reliable performance. They are particularly popular
in applications such as DC motor control, where ensuring stable and accurate speed is crucial.
However, as system dynamics become more complex or time-varying, manually tuning the PID
gains turns into a significantly more challenging task. Traditional tuning techniques like Ziegler
Nichols, while effective in certain linear systems, often fail to deliver consistent performance under
dynamic or uncertain conditions. To overcome these challenges, this study investigates the
application of four nature-inspired metaheuristic algorithm, Particle Swarm Optimization, Cuckoo
Search, Artificial Bee Colony, and Grey Wolf Optimizer, for optimizing the PID parameters in DC
motor speed control. Each algorithm offers distinct advantages when exploring complex solution
spaces and avoiding local minimum, a common issue in nonlinear control problems. To ensure a
fair comparison, the tuning task was formulated as a single-objective optimization problem, with
the Time-Weighted Absolute Error Integral chosen as the fitness criterion, since it emphasizes
long-lasting errors and better reflects real-world control performance. The results revealed that
each algorithm demonstrated unique strengths depending on the control objectives. Particle swarm
optimization exhibited fast convergence in early iterations, while Cuckoo search optimization
showed robust global exploration thanks to its Lévy flight mechanism. Artificial bee colony
optimization showed notable resilience against premature convergence, and Grey Wolf
optimization provided a balanced and adaptive search strategy through its leader follower
dynamics. From our observations, it is difficult to single out any one algorithm as universally
superior. Instead, we suggest that selecting the most suitable algorithm should be driven by the
particular requirements and objectives of the control application. Ultimately, the goal of this study
was to offer a comparative evaluation of these metaheuristic methods in tuning PID controllers,
providing engineers with data-driven insights to support more informed decisions in control
system design.

Keywords: DC motor control, PID controller, metaheuristic optimization, particle swarm
optimization, Cuckoo search, artificial bee colony, grey wolf optimization
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1- Introduction

Direct current (DC) motors have long been preferred in industrial and robotic systems because
they are basic, inexpensive, and simple to control in terms of speed. These motors are often found
at the core of systems that demand precise motion and position control. Yet, ensuring stable and
efficient performance when the load or external conditions change is not always straightforward.
To handle such challenges, engineers usually employ closed loop controllers that can maintain
both stability and reliable tracking.

Among classical control approaches, the Proportional Integral Derivative (PID) controller remains
the most widely used one. Its popularity mainly comes from its straightforward structure,
robustness, and the fact that it can be implemented on nearly any hardware platform. But adjusting
the three gains of the controller to achieve the best possible performance is often complicated.
Classical tuning methods such as the Ziegler Nichols approach give us a starting point but their
results may be unreliable in nonlinear or uncertain systems. Because of these limitations
researchers have increasingly turned to metaheuristic optimization algorithms to tune PID
parameters more efficiently.

Over the years, a variety of mature inspired algorithms have been introduced to tackle complex
engineering problems. One of the earliest and most recognized examples is the Particle Swarm
Optimization algorithm, introduced by Kennedy and Eberhart, which models the collective
movement of birds searching for food. It has proven highly effective in optimizing controller
parameters thanks to its rapid convergence behavior [1]. Also, another well-known algorithm, the
Grey Wolf Optimizer, proposed by Mirjalili et al. imitates the social hierarchy and hunting tactics
of grey wolves. Its balance between exploration and exploitation makes it particularly suitable for
nonlinear control applications [2]. Likewise, the Artificial Bee Colony algorithm, developed by
Karaboga simulates the intelligent foraging behavior of honey bees and it has been applied to
various engineering optimization problems, including PID tuning [3]. The Cuckoo Search
algorithm, proposed by Yang and Deb , uses Lévy flight based random walks to enhance global
search capability while preserving local refinement [4].

Recent literature includes many studies that apply these algorithms to improve the performance
and robustness of PID based control systems. For instance, Tas et al. developed an ABC optimized
PID controller for a supersonic blowdown wind tunnel, reporting clear gains in settling time and
system stability compared to conventional tuning [5]. In another work, Ozdemir et al. implemented
a PSO-based controller for a suspended pendulum system and achieved a noticeable reduction in
steady-state error as well as improved transient behavior [6]. Similarly, Sen and Kalyoncu
proposed a hybrid LQR PID controller optimized by GWO for foot trajectory control in quadruped
robots [7]. Their approach successfully combined the stability of the LQR framework with the
exploration capability of the GWO, resulting in more accurate trajectory tracking and it helps our
work. More recently, Durukan et al. introduced a cascade PID controller optimized via the Cuckoo
Optimization Algorithm integrated with Input Shaping which significantly reduced oscillations
and enhanced settling time in nonlinear system [8].
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In addition to these studies, several other works have contributed significantly to the field of PID
controller optimization for electromechanical systems. Yazgan et al. performed a comparative
analysis between Particle Swarm Optimization and Genetic Algorithm for tuning PID controllers
in DC motor systems showed that particle swarm optimization generally provides faster
convergence and better dynamic response [9]. Kizmaz analyzed different control strategies,
including LQR, PID, and Sliding Mode Control, for DC motor position regulation and highlighted
the advantages of LQR in minimizing steady state errors while maintaining robustness [10].
Besides, Kocaslan et al. proposed a hybrid optimization approach combining PSO and Grey Wolf
Optimizer (GWO) for determining optimal PID gains in BLDC motor control, demonstrating that
hybrid techniques can yield superior stability and performance compared to conventional single
algorithm methods [11]. These studies collectively emphasize the growing trend of integrating
metaheuristic algorithms with classical control techniques to enhance system efficiency and
adaptability across diverse applications.

In our study, we conduct a comparative analysis of four metaheuristic algorithms PSO, GWO,
ABC, and CS for tuning the PID controller parameters of a DC motor speed control system.
Besides the tuning process, the influence of the derivative filter coefficient (N) on system
performance is investigated. Since this coefficient determines how sensitive the derivative term is
to high frequency noise, simulations are carried out for N =1, N = 10, and N = 100. The resulting
performance metrics, including overshoot, settling time, and steady-state error, are evaluated both
graphically and numerically. Finally, our work outcomes of the four algorithms are compared and
discussed in detail.

1- Method
2.1 Mathematical Model of the DC Motor

The dynamic behavior of a DC motor can be described through its electrical and mechanical
equations.

The electrical dynamics of the armature circuit are expressed by Kirchhoff’s voltage law as:

V() = LE2 4 Ri(E) + kew(®),
where V (t) is the applied armature voltage (V), i(t) is the armature current (A), L is the armature
inductance (H), R is the armature resistance ({2), k, back electromotive force (EMF) constant

(V-s/rad), o(t) is the angular velocity (rad/s).
The mechanical dynamics of the DC motor, derived from Newton’s second law, are given by:

dw(t)
dt

J +Bw(t) =T(),

T(t) = k.i(t),
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where | rotor moment of inertia (kg-m?), B viscous friction coefficient (N-m-s/rad), T(t) is the
developed electromagnetic torque (N-m), k; is the torque constant (N-m/A).

2.2 PID Control Strategy and Objective Function

The output of a PID controller is defined as the sum of proportional, integral, and derivative terms.
The primary objective is to generate an appropriate control input based on the error signal of the
system. The tuning of PID parameters has a direct impact on system stability and transient
response, making their optimization a crucial step in control design.

U(t) = KpE(t) + Klf e(T) dt + Kd dz(tt)
0

. : .. . . de(t
However, the derivative part is extremely sensitive to noise when used directly as % . Therefore,

in practice the derivative part is smoothed with a low-pass filter. In this case, the filtered form of
the derivative part is as follows:

N Ns

1~ 1+Ns
s

D(s) =

or is often used in the PID transfer function as follows:

K Ns
41+ Ns’

In this study, the goal is to minimize the error function by determining the optimal PID gains. The
Integral of Time-weighted Absolute Error (ITAE) has been adopted as the performance criterion.
The ITAE index penalizes errors that persist over time, making it a suitable measure for enhancing
control performance in dynamic systems.

T
ITAE =f t-|e(t)|dt.
0

2- Optimization Algorithms

The optimal tuning of PID parameters is a crucial step that directly influences control performance.
To overcome the limitations of conventional methods, nature-inspired metaheuristic algorithms
have been widely employed in recent years. This section introduces the four algorithms considered
in this study, along with their basic update equations.

3.1 Particle Swarm Optimization (PSO) Algorithm

The PSO algorithm is inspired by the collective behavior of bird flocks and fish schools [1]. Each

particle updates its velocity and position based on its personal best pf’ est and the global best g?¢st:
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k+1 best __
i

vt = wof + oy (P xF) + cory(gPest — xf)

Xkt = x4 pftt

PSO is widely preferred in PID tuning due to its fast convergence and simplicity [12].

3.2 Grey Wolf Optimizer (GWO) Algorithm

The GWO algorithm simulates the hunting strategy of grey wolves, where the leadership hierarchy
is defined by alpha, beta and delta wolves [2]. The position update is performed as follows:

D, = |Ci - X, — X(®)|,

X, + X, + X5

X(t+1) = -

GWO is recognized for its strong global search ability and balanced exploration—exploitation
mechanism.

3.3 Artificial Bee Colony (ABC) Algorithm

The ABC algorithm mimics the foraging behavior of honey bees [3]. New candidate solutions are
generated by employed bees according to:

vij = X5 + by (i — xij).

ABC has been shown to provide fast rise times in control applications, making it effective in
dynamic environments.

3.4 Cuckoo Search (CS) Algorithm

The CS algorithm is inspired by the brood parasitism of cuckoo birds combined with the Lévy
flight search strategy [4]. New solutions are generated as:

xf = xf + a- Levy(Q).

CS is particularly effective in global exploration across large and complex search spaces.

3- Simulations and Results

The simulations and analyses were performed using MATLAB and Simulink environments. The
optimization algorithms were executed through MATLAB scripts, and the PID coefficients
determined at each iteration were transferred to the system dynamics model shown in Figure
1. The system outputs were then fed back to the optimization algorithms, which computed the cost
value according to their methodologies and generated new PID coefficients accordingly.
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Figure 1. DC Motor System Dynamics Designed in Simulink

PID coefficients optimized by PSO, GWO, ABC, and CS algorithms were tested under different
filter coefficient values (N=1,10,100).

Figure 2, Figure 3, Figure 4, Figure 5 shows the system response using the best PID coefficients
obtained by the PSO, GWO, ABC, CS optimized algorithm under different filter coefficients.
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Figure 2. Graph Showing the PID Coefficients Obtained as a Result of PSO Optimization with Different
Filter Coefficients
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Figure 3. PID Coefficients Obtained as a Result of GWO Optimization and Their Behavior at Different

Filter Coefficients
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Figure 4. PID Coefficients Obtained from ABC Optimization and Their Behavior at Different Filter
Coefficients
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Figure 5. PID Coefficients Obtained as a Result of Cuckoo Search Optimization and Their Behavior at

For numerical comparison, evaluations were made under the condition where the filter coefficient

Different Filter Coefficients

was set to N=1, N = 10, N=100. Performance was assessed based on metrics such

as maximum overshoot, rise time, settling time, and steady-state error. The comparative results are

summarized in Table 1.

Table 1. Comparison of Algorithm Results Based on Various Metrics

Max

N (Filter Rise Settling Steady-state
) overshoot ) . -1
Coefficient) %) time (s) | time (s) error (rads™")
o
PSO 100 0.4643 0.0603 0.0978 0
GWO 100 0.0042 0.0673 0.1167 0
ABC 100 0 0.0468 0.7969 0
Cuckoo | 100 0.0279 0.0678 0.1175 0

4- Discussion and Conclusion

The results obtained from the comparative simulations clearly demonstrate that metaheuristic

algorithms have strong potential in optimizing PID parameters for DC motor speed control. Unlike
classical methods such as Ziegler—Nichols, which often yield suboptimal or inconsistent results in
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nonlinear and uncertain environments, nature-inspired optimization approaches provide more
flexible and adaptive solutions. A closer examination of the performance metrics in Table 1 reveals
several noteworthy insights.

The PSO algorithm exhibited superior performance in terms of settling time, confirming its
effectiveness in achieving rapid system stabilization. This outcome aligns with its well-
documented fast convergence property, which makes PSO a suitable choice for applications where
time efficiency is critical. In contrast, the ABC algorithm achieved both zero overshoot and the
fastest rise time, indicating its capability to ensure smooth system responses without oscillations.
Such characteristics are particularly advantageous in precision-oriented domains such as robotics
and aerospace, where overshoot may compromise safety.

The GWO algorithm demonstrated a balanced trade-off between rise time and overshoot,
suggesting that it is well-suited for applications requiring overall robustness rather than excelling
in a single performance criterion. Meanwhile, the Cuckoo Search algorithm showed reliable global
exploration capabilities but relatively weaker performance in speed-related parameters. This
behavior reflects its well-known ability to avoid local minima, albeit at the cost of slower
convergence.

These findings highlight that there is no universally superior algorithm; rather, each technique
offers distinct strengths that make it more appropriate for specific design objectives. The
comparative analysis indicates that while PSO is effective in achieving fast stabilization, ABC
excels in minimizing overshoot and ensuring rapid responses, GWO provides balanced and robust
performance, and CS offers strong global search capabilities. Thus, the choice of algorithm should
be guided by the operational requirements of the system, where the control engineer prioritizes
performance metrics such as response speed, overshoot minimization, or robustness.

In this respect, metaheuristic approaches not only outperform conventional tuning methods but
also provide engineers with the flexibility to adopt problem-driven selection strategies. Instead of
seeking a single “best” algorithm, the evidence supports tailoring the optimization method to the
characteristics of the application. Future work may extend this study by exploring hybrid
optimization frameworks that combine complementary strengths of different algorithms, as well
as by validating performance under real-time experimental conditions and external disturbances.
Ultimately, these results contribute to the growing body of research showing that metaheuristic
algorithms can play a central role in modern control engineering, offering adaptive, efficient, and
robust solutions for complex dynamic systems.
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Abstract

This paper presents a robust algorithm for computing real root of univariate nonlinear
transcendental equation. The suggested method is based on the inverse hyperbolic sine function.
The proposed method is executed in MATLAB and is employed to numerous models of problems
to ensure the methods applicability. The proposed method is examined on number of numerical
examples and results indicate that our method is better and more effective as comparable to
renowned methods. These results are depicted through error analysis. The convergence of
proposed method is proven to be quadratically convergent.

Keywords: Root finding methods, inverse hyperbolic sine, convergence

1- Introduction

In computational mathematics, determining the root of a function f(x)=0, is a fundamental
task with applications across diverse fields such as physics, engineering, economics, and computer
science. A root is a value of x for which the function equals zero, and root-finding algorithms are
used to approximate these values when exact solutions are difficult or impossible to obtain. Here
are some applications of roots in various fields. Root-finding algorithms are powerful tools in
computational science, particularly when exact analytical solutions to nonlinear equations are
unavailable. In computer graphics, root-finding methods play a key role in rendering techniques
such as ray tracing, where determining the intersection points between light rays and 3D surfaces
is essential. In Optimization techniques, algorithms are used to identify prices that balance supply
and demand in economics or to determine optimal control points in engineering. The root finding
method is typically used for optimization, as it systematically narrows down an interval where a
function changes sign. However, in cases where a continuous but non-smooth function exhibits
local extrema within a known interval, a modified approach can sometimes help approximate these
points.

For optimization, techniques like gradient-based methods (when differentiability allows)
or derivative-free methods (like the golden-section search for uni-modal functions) tend to be more
effective. If the function is non-smooth but convex, sub-gradient methods or specialized
algorithms like bundle methods may be better suited. In disciplines such as engineering and
physics, solving nonlinear equations is essential for modeling dynamic systems, identifying
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equilibrium points, or analyzing interactions. For instance, in structural engineering, determining
where forces balance within a structure typically results in nonlinear equations. In mechanics, roots
determine equilibrium points in force equations. Electrical circuits use roots to analyze resonance
frequencies and system stability. Fluid dynamics relies on root-solving for modeling flow behavior
and boundary conditions. Algorithms for root-finding improve computational efficiency in
simulations and machine learning models. Cryptographic methods, including RSA encryption,
utilize number theory concepts involving roots to secure data. Roots appear in population models
to find critical points in disease spread predictions. In pharmacokinetics, solving nonlinear
equations helps determine drug concentration over time.

In economics, market equilibrium is found at the point where supply equals demand—that
is, where the quantity of goods supplied equals the quantity of goods demanded at a particular
price. When the supply and demand functions are nonlinear (e.g., exponential, logarithmic, or
polynomial), finding the equilibrium involves solving a nonlinear equation of the form:

S() =D(p)
where:
e S(p) is the supply function (quantity supplied as a function of price p),
e D(p) is the demand function (quantity demanded as a function of price p).

Applications of roots in Neuroscience: Roots of nonlinear equations play a vital role in
neuroscience modeling. Zeros of these equations are used in identifying equilibrium states or the
parameter thresholds where bifurcations occur. This is a fundamental approach used across
multiple levels. These critical solutions mark the points at which the system undergoes key
transitions: from the spike initiation of a single neuron, through shifts in excitability regimes, up
to qualitative changes in the collective behavior of large-scale neural networks.

In [1], Baccouch have developed new families of high-order derivative-free iterative methods
that are particularly effective for solving nonlinear algebraic equations—especially when
derivatives are difficult or expensive to compute. This study is an extension of the second-order
Steffensen’s method. The idea is to modify the family of derivative-based methods, which are
analyzed by the author, to obtain derivative-free methods. Chun [2] proposed a simple, yet
powerful, and simply implementable approach for creating Newton-like iteration formulae for
computing nonlinear equation solutions. The novel method ology is based on the homotopy
analysis method, which is used to solve equations that are equivalent to nonlinear equations in
general form. In [3], the authors presented a class of Regula Falsi iterative formulae for solving
nonlinear equations. Mahesh et al. [4] introduced a repetitive process for solving non-linear
equations through a series approximation. This algorithm reduces error rapidly, hence converges
much faster as than the existing traditional methods. Venkateshwarlu et al. [5] used a system which
is the blend of the inverse tan(x) function and the Newton-Raphson method. This method is tested
on number of numerical examples and results reveals that this method is more efficient than well-
known methods. This approach will also help to produce a non-zero real root of a given non-linear
equations in the commercial package. In [6] Yun worked on a derivative free simple iterative
formula which is related to Muller’s method. In [7, 8], the authors used various functions of
Newton-Raphson method form, to obtain the root of non-linear univariate equations in fewer
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iteration than traditional methods. In [9], the author constructed the Newton-like iteration formulae
for the computation of the solutions of nonlinear equations. This scheme is based on the homotopy
analysis method applied to equations in general form equivalent to the nonlinear equations.

The paper [10, 11] utilizes the homotopy analysis method (HAM), a powerful analytic
approximation technique for nonlinear problems, to develop a numerical scheme. HAM has a
proven track record of success in various nonlinear applications. Here, we employ it to construct
new Newton-like iteration methods or significantly improve the convergence order of existing
ones to any desired level. In [12], Traub discussed about the various methods to find roots of one-
point and multipoint iteration functions. Basto [13] and his team proposed a method based on
Abbasbandy on improving the order of accuracy of Newton Raphson method and improving the
order of accuracy of Adomian’s decomposition method.

2- The Proposed Method

The proposed method for finding the root using inverse sine hyperbolic function is given by

Xyt = Xy, (1 + %arcsinh (—Zf(xn)\/(xnf'(xn))z _ (f(xn))2)> (1)

21 Convergence of the Proposed Method

Convergence Theorem: For a non-zero real root B of G(x), provided that G"'(x) exists and
G'(x) = 0 within a sufficiently small neighbourhood 8 of B, the iterative formula given by
equation (1) guarantees quadratic convergence of its generated sequence of approximations.

Proof:

The proposed iterative formula is

Xn+1 = Xn <1 + %arcsinh <_2f(xn)\/(xnf,(xn))2 - (f(xn))2>>

—Zf(xn)m n=201,2

. . 1 :
This can be written as x,,1 = x, | 1+ Earcsmh

xnf'(xn)
. e o : 11 123 1327
Expand using the Taylor’s series expansion for sinh™'(x) = x — 2 =+ ——+
3
fGen) _flm) )
) —2f(xn)% ) _zf(x")m
Xngr =X | 143 xnf Gen) T3 xnf’ Gen) T ?

- _ ) . FaDY? .2
Since h = T 182 small value and (f’(xn)) =h*->0

Neglect the higher powers of h, and rewriting the Eq. (2)
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_ f(xn)
n f(xn)

Xpn+1 =

1
Xn+1 = Xn (1 +E<
Xn+1 = Xn (1

this reveals that the proposed method is the limiting case to Newton-Raphson

method and is quadratically convergent.

3- Numerical Examples

In this section, the proposed method (PM) is applied to some numerical examples to demonstrate
its effectiveness, when compared to traditional methods such as Bisection (BM), Regula-Falsi
(RFM), Steffen (SM) and Newton Raphson (NRM) methods. All the numerical computations are

carried out in MATLAB with high level of accuracy (error about 10~1%). The numerical results

obtained are presented in the following tables.

Example 1: F;(x) = In(x), x, =0.5

Example 2: F,(x) = x — eS"™ + 1, x, =2

Example 3: F3(x) = 11x11 -1, x5 =1

Example 4: F4(x) =xe™* - 0.1, x7=0.1

xuf ' Cxn)
f Cen) )

X f ()

)

Table 1. The numerical comparison of examples using various traditional methods

Example Exact root BM | RFM NRM SM PM
1 1.00000000000000 | 53 23 Divergent Failure 4
2 1.69681238680975 | 49 24 Not convergent Failure 5
3 0.80413309750367 | 49 108 7 Divergent | 7
4 0.11183255915896 | 42 17 Failure Failure 3

Table 2. Comparing the number of iterations by Chen & Li [3] and Chen & Li [14]

Example Exact root Chen & Li [3] Che[rll 48]L Li Pl\r;;ﬁizd
1 1.00000000000000 7 6 4
2 1.69681238680975 11 5 5
3 0.80413309750367 8 7 7
4 0.11183255915896 6 6 3

Table 3. Comparing the number of iterations by Chen & Li [3], Mahesh et al. [4] and Venkat et

al. [5]
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Chen & Li [3] | Mahesh et al. [4] | Venkat et al. [5] PM

Example Exact root
Itr. | NFE Itr. NFE Itr. NFE | Itr. | NFE
1 1.00000000000000 7 28 - - 5 20 41 12
2 1.69681238680975 11 44 6 24 5 20 5 15
3 0.80413309750367 8 32 6 24 7 28 7 | 21
4 0.11183255915896 6 24 7 28 3 12 3 9

Considered some more examples to test the efficiency of the proposed method and compared with
various well-known methods in literature.

Example 5: F5(x) = x3 + 4x? — 10,x, = —0.3

Example 6: Fg(x) = sin*x —x?> +1, x5 =1

Example 7: F;(x) = x> —e*—3x+2, x5 =2

Example 8: Fg(x) = cosx —x, x, = 1.7

Example 9: Fo(x) = (x —1)3 —1,x, = 3.5

Example 10: Fjo(x) = x3 — 10, x, = 1.5

Example 11: Fy; (x) = xe** — sin®x + 3cosx + 5, x, = —2
Example 12: Fy,(x) = ¥ *7%730 _ 1 x, =3.5

In Table 4, the proposed method is compared with Newton method (NM), the method of
Weerakoon and Fernando (WF) [15], the method of Abbasbandy [16](AM), the method derived
from midpoint rule [17] (MP), the method of Homeier [18] (HM) and Changbum Chun [9] (CM1
& CM2) on various examples. The numerical results reveal that the proposed method is very
efficient and converging towards the root rapidly.

Table 4. Comparing the number of iterations compared with Newton method (NM), the method of

Weerakoon and Fernando (WF), the method of Abbasbandy (AM), the method derived from midpoint
rule (MP), the method of Homeier (HM) and Changbum Chun (CM1 & CM2)

Example NF Example NF
with initial | Method | ITR E Root with initial | Method | ITR E Root
value value

NM 55 110 NM 8 16

WF 7 21 WF 6 18
5 with | MP 19 |57 |1.365230 |9 MP 6 18 [ 2.000000
Xo = AM 22 (66 0134140 | with xo = | AM 5 15 | 0000000
-0.3 HM 87 (261 |9 3.5 HM 5 15 |0

CM1 13 |52 CM1 6 24

CM2 5 15 CM2 6 18
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PM |4 |12 PM |5 |15
NM |7 |14 NM |7 |14
WE |5 |15 WE |5 |15
6 NP P LD 404401 | 10 C R e
| AM |5 |15 |/ , AM |5 |15 |7
with 6482153 | with x, = 6900318
HM |4 |12 HM |4 |12
xo =1 4 15 8
CMI_ |5 |20 CMI_ |5 |20
CM2_ |5 |15 cM2 |5 |15
PM |4 |12 PM_ |3 |9
NM |6 |12 NM |9 |18
WE |5 |15 WE |7 |21
, YC N P2 NSRS MP |6 |18 |-
b | AM 5 [1s | eo L _[AM 6 18 | 1207647
1 = 1 =
ST M s 1S | DT [EM e [18 | 8271309
CMI_ |4 |16 CMI_ |6 |24 |I
cM2 |4 |12 cM2 |6 |18
PM |4 |12 PM |6 |18
NM |5 |10 NM |13 |26
WE |4 |12 WE |9 |27
8 Mt P 070085 | 12 MP_ 1S 12 Fs 000000
. AM |4 |12 | , AM |7 |21 |
with 1332151 | with xo = 0000000
HM |4 |12 HM |8 |24
xo =17 6 35 0
CMI_ |4 |16 CMI_ |9 |36
M2 |4 |12 M2 9 |27
PM |4 |12 PM |8 |24
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4- Flow chart of the procedure

Select the initial approximation x, 70

|

Calculate f(x,) and t(x,)

|

Xn+1 = X (l + %arcsinh (—Zf(rn)\/(xnf'(xn))z _ (f(xn))Z))

No Yes
Xp-Xp1|=€

— Replacex, with x, Stop

5- MATLAB Program of Proposed Method

Below is the MATLAB code to evaluate the root using proposed method:

clear all

x=zeros(50,1);

x(1)=input(‘Enter first approximate root i.e., X0 value :’);
x(2)=input(‘Enter second approximate root i.e., x1 value :’);
n=10(-15);

itr=0;

for i=3:100

tl =2 * fxn(x(i—1)) * sqrt((x(i—1) * (f pxn(x(i—1)))"2 — f xn(x(i—1))"2);
x(1) = x(i—1) * (1+0.5 * asinh(t1/t2));

disp(x(1));

if abs((x(1)—x(i—1))/x(1)) * 100 <n

root=x(1);

disp(itr);

disp(x(1));

error=abs((x(1)—x(i—1))/x(i)) * 100;

break;

end
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Function definition:

function fx=fxn(x)

fx=Given nonlinear equation;

end

function fx=fpxn(x)

fx=first order derivative of given nonlinear equation;
end.

6- Conclusions

The current study introduces a robust algorithm for finding approximate roots of transcendental
functions that outperform traditional methods like Bisection, Regula Falsi, Newton Raphson
Method and Steffen Method. Demonstrated through numerical examples, this new approach is
built on inverse sine hyperbolic function which involves ratios of the function and its derivative.
The convergence rate is quadratic, and MATLAB implementation details are provided. Overall,
the proposed method converges more rapidly and accurately to the exact solution than standard
techniques, making it particularly valuable for complex real-world applications—such as
modeling dynamic systems, identifying equilibrium points, or analyzing interactions and
improving computational efficiency in simulations and machine learning models.
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Abstract

Mathematics is a basic branch of science which has deals with numbers, quantity, space, structure,
and change. Mathematics is essential in data science because it underpins machine learning
algorithms, data analysis, and the process of drawing conclusions from that data. A data analyst or
data scientist cannot properly appreciate, implement, or innovate with the methodologies used to
extract insights from data unless they have a thorough understanding of mathematical ideas. The
current work explores the mathematical concepts involved in data analysis. The applications of
mathematical branches such as Linear Algebra (language of data), Calculus (Mathematics of
Change), Discrete Mathematics (algorithms and data structures) etc., are explored in this work.
Mathematical techniques are essential for transforming raw data into a structured format suitable
for analysis and modelling. These methods include cleaning, normalizing, standardizing, and
scaling data, all of which rely on mathematical operations to prepare datasets for machine learning
algorithms. A deep mathematical understanding empowers data scientists to not only apply
existing algorithms effectively but also to innovate and adapt them to meet the evolving challenges
in data science, leading to more accurate and efficient solutions. The conclusions of data analytics
are employed to provide the business recommendations for savings opportunities and improving
their businesses.

Keywords: Data analytics, mathematics, linear algebra, business recommendations

1- Introduction

Data is the lifeblood of the modern world—fueling innovation, shaping decisions, and
redefining how we live, work, and connect. From personalized healthcare to predictive analytics
in business and real-time global communication, data is no longer just a byproduct of our actions;
it is a strategic asset that drives progress, exposes truths, and empowers smarter choices across
every sector of society. Its pervasive presence underpins the digital era, making the ability to
harness and interpret data not just valuable—but essential. Data analytics is the process of
examining, organizing, and interpreting data to uncover meaningful patterns, trends, and insights.
Its primary goals are to extract valuable information, support informed decision-making, and drive
strategic actions across various domains.

This paper contends that a comprehensive understanding of key mathematical disciplines
is not merely advantageous but fundamentally indispensable to the practice of data analytics.
Mathematics forms the theoretical backbone of modern analytical methodologies and machine
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learning algorithms, providing the essential tools for their development, implementation, and
rigorous interpretation (Deisenroth, Faisal, & Ong, 2020; Murphy, 2012).

Disciplines such as linear algebra, calculus, probability theory, and statistics are
particularly foundational. Linear algebra facilitates the manipulation and representation of high-
dimensional data, which is essential in dimensionality reduction, matrix factorization, and the
architecture of models such as neural networks (Strang, 2016; Goodfellow, Bengio, & Courville,
2016). Calculus, particularly differential calculus, underpins optimization procedures like gradient
descent, which are central to training predictive models and neural networks (Boyd &
Vandenberghe, 2004; Murphy, 2012). Similarly, probability theory and statistics form the basis
for modeling uncertainty, designing experiments, evaluating hypotheses, and drawing valid
inferences from data (Wasserman, 2004; Casella & Berger, 2002).

Moreover, a deep mathematical foundation enables practitioners to engage meaningfully
with more advanced concepts such as kernel methods, support vector machines, probabilistic
graphical models, and Bayesian inference (Bishop, 2006; Hastie, Tibshirani, & Friedman, 2009).
It also supports interpretability, model evaluation, and critical scrutiny of algorithmic behavior—
skills that are essential for trustworthy and transparent data-driven decision-making (Kuhn &
Johnson, 2013; Domingos, 2012).

In the absence of such foundational knowledge, there is a significant risk of misapplying
analytical techniques, misunderstanding outputs, and failing to detect flaws or limitations in
models (Jordan & Mitchell, 2015). Thus, mathematics is not a peripheral or optional aspect of data
analytics—it is a core enabler that ensures methodological rigor, enhances analytical depth, and
drives innovation in a data-centric world.

Mathematics plays a critical role in the field of data analytics, serving as both the language
and the framework through which data-driven insights are derived and understood. For aspiring
data professionals, a solid mathematical foundation is not merely a technical requirement—it is a
strategic asset that empowers them to design, develop, and evaluate robust analytical models. For
individuals and stakeholders aiming to understand the underlying principles of data analytics,
mathematical literacy provides the conceptual clarity necessary to interpret results, assess model
validity, and make informed decisions.

1.1 For Aspiring Data Professionals
Mathematics underpins every stage of the data analytics pipeline—from data preprocessing

and exploration to modeling and interpretation. Key mathematical domains such as linear algebra,
calculus, probability, and statistics form the core toolkit required to:

* Understand how algorithms operate at a conceptual and computational level (e.g., how
gradient descent optimizes loss functions).

53


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

* Interpret machine learning models accurately and ensure their appropriate application.

* Diagnose issues such as overfitting, underfitting, and data leakage through a principled
understanding of statistical validation methods.

* Innovate by modifying existing algorithms or creating new ones based on sound
mathematical reasoning.

Without this foundation, data professionals risk becoming reliant on black-box tools, lacking
the depth required to critically evaluate their outputs or adapt them to complex, real-world
problems (Deisenroth, Faisal, & Ong, 2020; Murphy, 2012).

1.2 For Non-Technical Stakeholders and Learners

A foundational understanding of mathematics also benefits non-specialists who interact with data
or are involved in data-informed decision-making. This includes managers, policymakers,
business analysts, and students from non-STEM backgrounds. Mathematical awareness enables
them to:

Grasp the principles behind key concepts such as confidence intervals, statistical significance,
correlation vs. causation, and model uncertainty.

Critically interpret data visualizations, summaries, and analytical recommendations.
Communicate effectively with technical teams and contribute meaningfully to the development of
data strategies.

Avoid common misconceptions that can lead to erroneous conclusions or misplaced trust in flawed
models.

As data increasingly informs decisions across sectors, mathematical literacy becomes a crucial
component of data fluency—the ability to read, work with, analyze, and argue with data (Harris,
2020).

2- Background and Foundational Concepts

The evolution of data analytics is deeply rooted in the progression of mathematical thought. From
ancient times to the modern digital era, mathematics has served as the backbone for collecting,
analyzing, and interpreting data.

1. Early Foundations: Descriptive Statistics and Probability (17th—18th Century)

The origins of data analytics can be traced back to the development of probability theory and
descriptive statistics. Mathematicians like Blaise Pascal and Pierre de Fermat laid the groundwork
for probability in the 1600s, initially to solve problems in gambling. Later, Carl Friedrich Gauss
introduced the normal distribution, a key concept in statistical modeling. These early developments
enabled the quantification of uncertainty and variability in data.

2. 19th Century: Statistical Inference and Data Collection

As industrialization increased the need for data collection and quality control, mathematical
statistics evolved. Francis Galton and Karl Pearson formalized concepts like correlation and
regression, which remain central to predictive analytics today. The era saw the emergence of
inferential statistics, allowing analysts to draw conclusions from sample data.
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3. 20th Century: Computational Statistics and the Rise of Algorithms

With the advent of computers in the mid-20th century, data analytics entered a new phase. Ronald
Fisher's work on experimental design and hypothesis testing set the stage for modern statistical
methodology. The increasing availability of data and computing power led to the birth of
computational statistics, optimization algorithms, and Bayesian methods, all grounded in
mathematical theory.

4. Late 20th — Early 21st Century: Machine Learning and Big Data

As datasets grew larger and more complex, traditional statistical tools were enhanced by
techniques from linear algebra, calculus, and numerical optimization—key to the rise of machine
learning. Algorithms like support vector machines, decision trees, and neural networks rely heavily
on these mathematical principles. The explosion of big data further drove the integration of
mathematics with computer science to handle volume, velocity, and variety of data.

5. Present Day: Al, Deep Learning, and Mathematical Modeling

Today, data analytics is inseparable from advanced mathematics. Deep learning, a subset of
machine learning, is built on principles of matrix operations, multivariate calculus, and stochastic
processes. Meanwhile, modern developments in convex optimization, graph theory, and
information theory continue to push the boundaries of what data analytics can achieve.

Data analytics is a multidisciplinary field that fundamentally draws from computer science,
statistics, and mathematics, each contributing essential tools and concepts:

i. Computer Science:

Provides the infrastructure for handling vast amounts of data through databases, data storage, and
efficient algorithms.

Enables the processing, cleaning, and manipulation of raw data using programming languages like
Python, R, or SQL.

Powers machine learning models and automation techniques essential for predictive analytics and
pattern recognition.

ii. Statistics:

Offers the theoretical foundation for designing experiments and sampling methods to ensure data
validity and reliability.

Provides tools for summarizing data, estimating probabilities, and making inferences from sample
data to broader populations.

Supports hypothesis testing, regression analysis, and the quantification of uncertainty, which are
crucial for drawing meaningful conclusions.

iii. Mathematics:

Underpins the algorithms and models used in data analytics with concepts from linear algebra,
calculus, and discrete mathematics.

Facilitates optimization techniques that improve model accuracy and computational efficiency.
Enables the understanding of complex data relationships and transformations essential for
advanced analytical methods.

Together, these disciplines empower data analytics to extract actionable insights from complex
datasets, driving informed decision-making in business, science, and technology
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3- Why Mathematics is Essential?

Without mathematics, data analytics would lack the rigor, precision, and tools necessary to
transform raw data into meaningful insights. It’s the backbone that connects theory with practical
application.

1. Foundation of Algorithms and Models: Mathematics provides the essential language and
structure behind the algorithms used in data analytics. Whether it's linear regression, clustering, or
neural networks, all rely on mathematical principles such as linear algebra, calculus, and
probability theory to work effectively.

ii. Data Transformation and Representation: Many data analytics tasks require representing
data in mathematical forms—vectors, matrices, or multidimensional spaces. Mathematics,
especially linear algebra, helps transform and manipulate these representations, enabling
dimensionality reduction, feature extraction, and pattern recognition.

1il. Optimization and Efficiency: Finding the best solution from numerous possibilities—Ilike
minimizing errors in a predictive model—is a mathematical optimization problem. Calculus and
numerical methods are used to optimize model parameters, making analytics more accurate and
efficient.

iv. Understanding Relationships and Patterns: Mathematics helps quantify relationships
between variables, detect correlations, and understand complex dependencies. Concepts like
functions, probability distributions, and statistical measures allow analysts to describe how data
points relate and interact.

V. Quantifying Uncertainty and Variability: Data is often noisy and incomplete. Mathematics
provides the tools to measure uncertainty and variability through probability and statistics. This is
crucial for making reliable predictions and informed decisions under uncertainty.

Vi. Enabling Advanced Techniques: Modern analytics increasingly uses complex models—
like deep learning or Bayesian inference—that require sophisticated mathematical frameworks to
design, analyze, and interpret results.

4- Mathematical Foundations Enables Advanced Data Analytics
Techniques

Mathematics gives advanced data analytics its rigor, efficiency, and reliability. Without strong
mathematical foundations, techniques like deep learning, natural language processing, and
network analysis wouldn’t be possible—or as powerful.

4.1 Mathematical foundations in Machine Learning
4.1.1 Linear Algebra — The Language of Data and Models

Data in ML is often represented as vectors and matrices — think of a dataset with features
as a matrix where rows are samples and columns are features. Models manipulate this data
through matrix operations.
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Examples in ML:
Linear Regression: Uses matrices to represent input features and coefficients; finding the
best fit line boils down to solving matrix equations.
Neural Networks: Each layer computes weighted sums via matrix multiplication. The
weights themselves are matrices learned during training.
Dimensionality Reduction (e.g., PCA): Uses eigenvalues and eigenvectors to project data
onto new axes.

Core concepts:
Matrix multiplication, transposition, inversion, eigen decomposition, singular value
decomposition (SVD).

4.1.2 Calculus — Optimizing and Learning from Data
ML models are trained by optimizing objective functions (loss functions), which measure
how well the model fits the data. Calculus helps compute gradients that tell us the direction to
adjust parameters to improve performance.
Examples in ML:
Neural Networks: Backpropagation uses derivatives (gradients) of loss with respect to
weights to update them iteratively.
Logistic Regression: Uses gradient descent on a convex loss function to find the best
parameters.
Support Vector Machines (SVM): Optimization involves derivatives to find the margin-
maximizing hyperplane.
Core concepts:
Differentiation, partial derivatives, gradients, chain rule, gradient descent and its
variants.

4.1.3 Probability and Statisticcs — Handling Uncertainty and Data Distributions
Real-world data is noisy and uncertain. Probability models the uncertainty, and statistics
helps estimate underlying patterns and parameters.
Examples in ML:
Naive Bayes Classifier: Applies Bayes’ theorem to classify data points based on feature
probabilities.
Gaussian Mixture Models: Use probabilistic distributions to model data clusters.
Regularization: Adds statistical priors to prevent overfitting, e.g., L2 regularization
corresponds to a Gaussian prior.
Core concepts:
Random variables, distributions, conditional probability, expectation, variance,
maximum likelihood estimation (MLE), Bayesian inference.

4.1.4 Optimization — Finding the Best Model Parameters
Training a model means finding parameter values that minimize (or maximize) a loss
function. Optimization algorithms are the workhorses here.
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Examples in ML:
Gradient Descent: Iteratively updates parameters in the direction of steepest descent of
the loss.
Convex Optimization: Ensures global minima can be found efficiently in problems like
linear regression or SVMs.
Stochastic Methods: Handle large datasets by approximating gradients on mini-batches.
Core concepts:
Convexity, local vs global minima, gradient and Hessian matrices, iterative algorithms.

4.1.5 Geometry and Distance Metrics — Understanding Similarity and Structure
Many algorithms rely on measuring how similar or different data points are, which
involves geometric ideas.
Examples in ML:
K-Means Clustering: Uses Euclidean distance to assign points to clusters.
K-Nearest Neighbors (KNN): Classifies based on nearest neighbors using distance
metrics (Euclidean, Manhattan, cosine similarity).
Manifold Learning: Understands data geometry to reduce dimensions while preserving
structure.
Core concepts:
Distance functions, metric spaces, norms, vector projections.

4.2 Mathematical foundations in Big Data Processing

4.2.1 Linear Algebra: The core language of data representation and manipulation.
Vectors & Matrices — Represent datasets (rows = observations, columns = features).
Matrix Operations — Scaling, transformations, feature extraction.
Eigenvalues & Eigenvectors — Dimensionality reduction (e.g., PCA).
Tensor Algebra — For multi-dimensional data (e.g., images, videos, sensor data).

Applications:

* Recommendation systems (e.g., matrix factorization in Netflix).
* QGraph processing (adjacency matrices).

* Word embeddings in NLP.

4.2.2 Probability & Statistics: The foundation for understanding data distributions, uncertainty,
and making predictions.

Probability Distributions — Normal, Poisson, Bernoulli, etc.

Bayes’ Theorem — updating beliefs with new data.

Sampling & Estimation — Mean, variance, confidence intervals.

Hypothesis Testing — t-tests, chi-square tests, ANOVA.

Regression Models — Linear, logistic.
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Applications:
» A/B testing.
* Fraud detection.
* Predictive modeling.

4.2.3 Optimization: Used to find the “best” parameters for models.
Gradient Descent and its variants (SGD, Adam, RMSProp).
Convex Optimization — Guarantees global minimum for certain problems.
Regularization — L1, L2 penalties to prevent overfitting.

Applications:
* Training machine learning models.
* Tuning hyperparameters.
» Large-scale data clustering (e.g., k-means).

4.2.4 Discrete Mathematics: Essential for algorithms, data structures, and network/graph
analysis.

Graph Theory — Social networks, web link structures.

Combinatorics — Counting possibilities, hashing.

Boolean Algebra — Query optimization.

Set Theory — Handling distinct elements in data streams.

Applications:

» PageRank in search engines.
*  Graph databases (Neo4j).

* Parallel data processing.

4.2.5 Calculus: Required for understanding continuous changes and optimization in models.
Differentiation — finding slopes, optimization.
Partial Derivatives — Multi-variable optimization in ML.
Integration — Continuous probability distributions.

Applications:
. Backpropagation in neural networks.
. Continuous-time models in finance.

. Probability density functions.

4.2.6 Numerical Methods: For approximating solutions when exact computation is infeasible.
Interpolation & Extrapolation.
Numerical Integration.
Solving Linear Systems efficiently for huge datasets.
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Applications:
. Backpropagation in neural networks.
. Continuous-time models in finance.

. Probability density functions.

4.2.7 Information Theory: Helps in understanding data encoding, compression, and
uncertainty.

Entropy — Measure of uncertainty.

Mutual Information — Feature selection.

KL-Divergence — Comparing probability distributions.

Applications:

. Compression algorithms.
. Feature extraction in ML.
. Anomaly detection.

4.2.8 Computational Complexity: Big Data processing must balance speed and accuracy.
Time Complexity (Big O) — Efficiency of algorithms.
Space Complexity — Memory usage.
Parallel & Distributed Computing Models (MapReduce, Spark).

Applications:
. Scalable algorithms for billions of records.
. Load balancing in distributed systems.

4.3 Explainable AI (XAI): XAl uses mathematics to reverse-engineer model reasoning-turning
billions of parameters into human-comprehensible patterns.

4.3.1 Feature Attribution

. Idea: Quantify each feature’s contribution to a prediction.

. Math tools: Partial derivatives (sensitivity analysis) — e.g., in saliency maps and Shapley
values from cooperative game theory — fairly distribute the “credit” for a model output among
features.

4.3.2 Surrogate Models

. Idea: Approximate a complex model locally with a simple one (linear regression, decision
tree).
. Math tools: Least squares optimization, piecewise linear approximation.

4.3.3 Dimensionality Reduction
» Idea: Project high-dimensional model internals into a lower-dimensional interpretable space.
*  Math tools: Eigen decomposition (PCA), manifold learning (t-SNE, UMAP).
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4.3.4 Uncertainty Quantification
. Idea: Measure how confident the model is in its predictions.
. Math tools: Probability theory, Bayesian inference, entropy measures.

4.3.5 Counterfactual Explanations
. Idea: Find the minimal mathematical change to input that would alter the prediction.
. Math tools: Optimization and distance metrics in vector spaces

4.4 Data visualization: In data visualization, mathematical transformations reshape raw
numbers into a form that’s easier for the human eye and brain to interpret. Here’s a brief
breakdown:

4.4.1 Scaling
Purpose: Fit values into a comparable range for plotting.
Math: Linear scaling (min—max normalization), logarithmic scaling (for skewed data), and z-score
standardization.
Example: Rescaling GDP values so countries with trillions don’t overshadow those with millions.

4.4.2 Projections
Purpose: Reduce high-dimensional data to 2D or 3D for visualization.
Math: Matrix multiplication with projection matrices (e.g., PCA for orthogonal projection, t-SNE
for nonlinear mapping).
Example: Visualizing customer clusters in 2D from 50 survey features.

4.4.3 Coordinate Transformations
Purpose: Change how data is mapped to space for clarity.
Math: Polar <» Cartesian conversions, log—log plots, rotation matrices.
Example: Transforming earthquake location data into polar coordinates around the epicenter.

4.4.4 Aggregation & Binning
Purpose: Summarize data into digestible units.
Math: Grouping by intervals, computing means, medians, histograms.
Example: Turning millions of daily sales into monthly averages for a trend chart.
4.5 Model evaluation and validation: In model evaluation and validation, mathematical metrics
quantify how well a model performs. Each metric focuses on a different aspect of performance:

4.5.1 Regression Metrics (continuous outputs)

RMSE (Root Mean Squared Error) = \/%Z?:o(yi —yi)?

Measures the average prediction error magnitude. Sensitive to large errors.
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4.5.2 Classification Metrics (categorical outputs)
From a confusion matrix (TP, TN, FP, FN):

Precision — Out of predicted positives

TP

p . . —
resicion —TP T FP

TP = True Positives (correctly predicted positive cases)
FP = False Positives (incorrectly predicted positive cases)
Precision tells us what proportion of predicted positives were actually correct.

Recall — Out of actual positives
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TP

Recall = TP-F—FIV

TP = True Positives (correctly predicted positive cases)
FN = False Negatives (actual positives that were missed)

Recall measures how well the model identifies actual positive cases. A high recall means fewer
false negatives.

F1-score — Balance between precision and recall.

Precision X Recall
F1 = 2 -

Precision + Recall

Combines Precision and Recall into a single metric
Especially useful when you need a balance between Precision and Recall
A high F1 Score indicates both low false positives and low false negatives

4.5.3 Ranking/Probability Metrics

AUC-ROC (Area Under the Receiver Operating Characteristic Curve) Measures a classifier’s
ability to rank positives above negatives across thresholds (1.0 = perfect).

5- Conclusions

From the above-mentioned clarification, we can conclude that mathematics is the indispensable
foundation of data analytics - it is not just supportive but central to every stage of the process,
from data preprocessing and transformation to model development, evaluation, and
interpretation.

Key Points:

* A strong mathematical foundation in areas like linear algebra, calculus, probability, statistics,
discrete mathematics, and optimization is essential for both aspiring data professionals and
informed non-technical stakeholders.

* Mathematics ensures rigor, precision, and reliability in analytics, enabling accurate, efficient, and
interpretable solutions.

» It empowers professionals to understand algorithms deeply, diagnose problems (e.g., over
fitting), and innovate beyond black-box tools.

* In big data and Al contexts, mathematical concepts drive advanced techniques like deep learning,
Explainable AI (XAI), and large-scale data processing.

» Without mathematical literacy, there is a high risk of misapplying methods or misinterpreting
results, which can lead to flawed conclusions.
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« Ultimately, mathematics bridges theory and practice, turning raw data into actionable insights
that can inform business strategies, identify opportunities, and improve decision-making.
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Abstract

Equations that involve an unknown function and its derivatives with respect to independent
variables are called differential equations. If a differential equation contains only one independent
variable, it is referred to as an ordinary differential equation (ODE). If there are two or more
independent variables, it is called a partial differential equation (PDE). In mathematical physics,
if one of the independent variables in a differential equation represents time, such equations are
often called evolution equations. Differential equations have numerous applications in fields such
as medicine and technology. The goal of numerical analysis is to obtain approximate solutions to
complex problems that are analytically difficult—or even impossible—to solve, using only basic
arithmetic operations. There are many numerical methods for solving differential equations, most
of which involve solving the equations step by step using small intervals. The size of these steps
directly affects the accuracy of the solution. One of the simplest and most widely used numerical
methods is the Euler method, which estimates the solution by advancing a step using the
derivative's value. However, its accuracy may be limited in certain cases. Therefore, improved
versions of the Euler method and alternative approaches are used to yield more accurate and stable
results. These include the Improved Euler method, Runge-Kutta methods, Adams-Bashforth
methods, multi-step methods, and the finite difference method. The principles of operation,
strengths, and limitations of each method are studied in detail. Nevertheless, to ensure the accuracy
and stability of these numerical methods, careful selection and application are required. In this
study, a specific differential equation problem is solved using several of these numerical methods.
The results obtained from different approaches are compared in terms of accuracy, stability, and
computational efficiency. Through this comparison, the practical advantages and limitations of
each method are discussed.

Keywords: Differential equations, partial differential equations, ordinary differential equations,
numerical analysis

1- Introduction

Differential equations play a crucial role in the mathematical modeling of many physical, biological, and
engineering systems. These equations express the differential relationships between variables in the system
and allow for the analysis of how the system can be transformed as a function of time or other independent
variables [1]. Ordinary differential equations, frequently encountered in engineering applications, are
defined based on only one independent variable. In contrast, partial differential equations with multiple
independent variables generally represent more complex processes. Equations that include time as an
independent variable are called evolution equations and are used to examine the time-dependent behavior
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of the system [1]. While many real-world problems can be expressed using differential equations, solving
them analytically is not always possible. Analytical solutions, particularly for nonlinear differential
equations that depend on initial or boundary conditions, are either very complex or nonexistent [4]. This
has necessitated the development and widespread use of numerical methods for obtaining approximate
solutions. Numerical methods offer algorithms that produce approximate solutions by solving differential
equations step by step over small intervals. Because these methods can be implemented using only basic
arithmetic operations, they are easily usable in a computer environment and offer scalable solutions for
problems of varying sizes [4].

The most basic method that produces numerical solutions is the Euler method. This method uses derivative
information to predict the value of the next step [4]. However, its low accuracy and its susceptibility to
error accumulation make the Euler method inadequate, especially in applications requiring precise
solutions. Therefore, improved versions of the Euler method and alternative methods have been developed
over time. The improved Euler method (Heun method), Runge-Kutta methods, and multi-step Adams-
Bashforth methods are among these alternatives [3,6], each offering different features in terms of accuracy,
stability, and computational cost [2,5].

Three fundamental criteria stand out in evaluating the applicability of numerical solution methods:
accuracy, stability, and computational efficiency. Accuracy indicates how close the numerical solution is
to the true solution; Stability indicates how robust a method is to error growth. Efficiency, on the other
hand, relates to the number of operations and computational time required to achieve a certain level of
accuracy [2,4]. These metrics are crucial for demonstrating the performance of each method on specific
problems.

This study comparatively examined the performance of different numerical solution methods using a
specific initial value problem. The differential equation in question was solved step-by-step using the
Improved Euler method, the Fourth-Order Runge-Kutta method, and the Second-Order Adams-Bashforth
method. The approximate results obtained with each method were evaluated in terms of accuracy, stability,
and computational efficiency, and the advantages and limitations of the methods were discussed based on
the findings. The aim of the study is to demonstrate how different numerical methods provide different
solutions to the same problem and under what conditions these solutions may be more appropriate.

2- Methods
2.1 Euler Method

Let's examine the one-dimensional differential equation
Yy =f(xy), ¥(Xo) = Yo,

in the interval [xg, X, ] as X = x4, X5, X3, ..., Xp,.
In each subinterval, we replace the solution with the first term of the Taylor series.

Y1 — Yo = (X1 — x0). f (X0, ¥o),
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V2 —y1 = (X — x1). f (x4, ¥1),

Yn = Yn1 = (Xn = Xn_1)- f (X1, Yn-1)-
Let h; = x;,1 — x; and h = (hg, hy, ..., h,,_1) for the specified subinterval.
If we connect y, with y;, y; with y, and so on, with straight lines, we obtain the Euler polygon.
Yr(x) =y + (x —x). f(xp y1) for x; < x < x44.

This construction allows us to approximate the solution of the differential equation piecewise
linearly over the interval and provides a numerical method for estimating the y-values at specific
points [4].

2.2 Heun Method

The Heun method is known as an advanced method of the Euler method for solving the initial
value problem. The Euler method uses the estimated slope obtained at a single point to calculate
the slope f(ti+1,Vi+1). To calculate the estimated slope to be used in the next step, the Heun
method first calculates the intermediate value ¥;,; and then uses this intermediate value to
calculate f(t;+1,Vi+1). Here, h is the step interval: t; 4 = t; + h.

Vivr = Yi + hf (&, 1)
Yi+1 = Vi +§[f(tilyi) + f(tis1, Vivn)]
It is calculated with the formula given in [2,5].
2.3 Fourth-Order Runge-Kutta Method

The fourth-order Runge-Kutta method is one of the most widely used methods due to its ease of
calculation and high accuracy. The solution in this method is obtained as follows:

kl :f(xnﬂyn)'
h h
k;, :f(xn+§,yn+5k1>,
h h
ks =f(xn+§,yn+§k2),

k4 = f(xn + h, Yn + hk3)

Therefore, the general method is
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h
Yn+1 =Yn T+ g(k1 + 2k, + 2k3 + ky).

The fourth-order Runge-Kutta method provides high accuracy in terms of error at each step and is
generally preferred in applications [4,5].

2.4 Second-Order Adams-Bashforth Method

The most basic Adams-Bashforth method is the two-step method that estimates the next value
using the derivative values from the previous step and the current step.

For interpolation, a first-order polynomial is created using the function values at the points
{tnr tn—l}:

pl(t) = %[(tn - tn—l)fn + (tn - t)fn—l] >

where f,, = f(t,, y) and f,,_1 = f(tp_1, Yn_1). This polynomial is integrated over the interval
[t,,, tn4+1], and the new y value is obtained as:

h
Yn+1 = Yn + E(Bfn - fn—l)

This method has second-order accuracy [2,5].

3- Solution of a Sample Differential Equation with Different Numerical
Methods

In this section, we give the solutions of several illustrative initial value problems by using the
methods given in Section 2.

Example: Let us calculate the solution of the initial value problem given as % + 2y =x*,y(0) =

0,5at y(0,2) using the value h = 0,1 using the Euler method.

In the Euler method, the solution is continued from the starting point with a certain step interval
according to the derivative value. For our equation,

dy 4
= fCry) =x* -2y

the first solution step is y(0) — y(0,1) — y(0,2). The initial condition is y, = y(0) = 0,5 and
h = 0,1. According to the Euler method, the general formula is

yn+1 = yn + h'f(xn: yn)

For x,, = 0,y,, = 0,5 and with the condition
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f(x0,¥0) = £(0,(0,5)) = 0* = 2(0,5) = -1
Y1 = Yo + b f(x0,¥0) = (0,5) + (=1).(0,1) = 0,4
Then, x; = 0,1,y; = 0,4
f(xy,y1) = £((0,1),(0,4)) = (0,1)* — 2(0,5) = 0,001 — 0,8 = —0,7999
¥2 = y1 +h.f(x, 1) = (0,4) + (0,1).(=0,7999) = 0,32001

This is approximately found. Since y(0,2) = 0,32001 and y(0,2),¢e; = 0,328179 the
approximate error is calculated as:

E =10,32001 — 0,328179]| = 0,008169.

The Euler method is a preferred method due to its ease of application. However, due to its low
accuracy, advanced methods should be preferred when more precise results are desired. As this
example demonstrates, even if the value calculated with the Euler method is close to the true
solution, the margin of error is high.

Example: Let us calculate the solution of the initial value problem given as % + 2y = x* |

y(0) = 0,5 at y(0,2) for the value h = 0,1 using the Heun method.

Heun's method is a numerical solution that provides higher accuracy than Euler's method. For our
equation,

dy
—=f = 4—2
dx (XIY) X y;

the first step is to find the solution step y(0) — y(0,1) — y(0,2). The initial conditions are y, =
y(0) = 0,5 ,x, = 0and h = 0,1. According to Heun's method, the general formula is

Yn+1 = Yn + g [f G yn) + f (o + By + B f Gty 7)) ]
For x, = 0and y, = 0,5
fi = f(x0,50) = (0,(0,5)) = 0* = 2(0,5) = —1
1 =yo + h. f(x0,¥) = (0,5) + (=1).(0,1) = 0,4
fo = f(x,91) = £(0,(0,4)) = (0,1)* — 2(0,4) = 0,0001 — 0,8 = —0,7999
Y1 =Y+ Oé—l. [—1 + (=0,7999)] = 0,5 + 0,05.(—1,7999) = 0,5 — 0,089995 = 0,410005

It is found as Next, for x; = 0,1 and y; = 0,410005
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fi = f(x,y1) = £((0,1),(=0,410005)) = (0,1)* — 2(0,410005) = 0,0001 — 0,82001
= —0,81991

¥, =y, +(0,1).(—0,81991) = (0,410005) — 0,081991 = 0,328014

fo = f (e, 72) = £((0,2),(0,328014)) = (0,2)* — 2(0,328014) = 0,0016 — 0,656028
= —0,654428

0,1
Y2 =1+~ [(-0,81991) + (~0,654428)] = 0,410005 + 0,05.(~1,474338)

= 0,410005 - 0,0737169 = 0,33629

It is approximately found. Since y(0,2) = 0,33629 ve y(0,2),¢e; = 0,328179 , the approximate
error is calculated as:

E =10,33629 — 0,328179| ~ 0,00811.

The Heun’s method provides a more accurate approximate solution because it estimates the slope
more closely than the Euler method. As seen in this example, the value obtained with the Heun’s
method is closer to the true solution than the Euler method.

Example: Let us consider the initial value problem given as Z—z + 2y =x*,y(0) =0,5at y(0,2)
using the value h = 0,1 using the Fourth Order Runge-Kutta.

Fourth-Order Runge-Kutta is a frequently preferred method for solving numerical differential
equations due to its high accuracy. In this method, four intermediate slopes (k1, k2, k3, k4) are
calculated in one step, and the new point is estimated by the weighted average of these slopes. Our
equation is

dy

o = [y) =x" =2y

First, the initial values for x, = 0,y, = 0,5 and h = 0,1 are given as

ki = f(x0,50) = £(0,(0,5)) = 0* = 2.(0,5) = -1

h h
k, =f (xo +5. Y0+ E.kl) =f ((0,05), (0,5 + 0,05. (—1))) = £((0,05), (0,45))

= (005)* — 2.(0,45) = 0,00000625 — 0,9 = —0,89999375

h h
ky=f (xo +5.50+ 5. kz) = £((0,05), (0,5 + 0,05.(0,89999375)))

= £((0,05), (0,4550003)) = 0,00000625 — 2. (0,450003)
= 0,00000625 — 0,9100006 = —0,90999435
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ka = f (o + h, Yo + h.ks) = £((0,1), (0,5 + 0,1.(=0,90999435)) )

= f((O,l), (0,4090006)) = (0,1)* — 2.(0,4090006) = 0,0001 — 0,8180012
= —0,8179012

Thus, new value
h
Y1 =Yo +g-(k1 + 2y, + 2k3 + ky)

)

=05
* 6

.[-1+2(—0,89999375) + 2(—0,90999435) + (—0,8179012)]

0,1
=05+ - (—5,4378774) = 0,5 — 0,090631 = 0,409369
Therefore, x; = 0,1 and y; = 0,409369. Thus, values of the steps are found as
ki = f((O,l), (0,409396)) = (0,1)* — 2.(0,409369) = (0,0001) — (0,818738) = —0,81863

ky=f ((0,15),(0,409369 + 0,05. (—0,818638))) = £((0,15), (0,368437))
= (015)* — 2.(0,368437) = 0,00050625 — 0,736874 = —0,736368

ky = f((0,15), (0,409369 + 0,05. (—0,736368))) = £((0,15), (0,372550))
= 0,00050625 — 2.(0,372550) = 0,00050625 — 0,7451 = —0,7445938

ky=f ((0,2), (0,409369 + 0,1. (—0,7445938))) = £((0,2),(0,334909))
= (0,2)* — 2.(0,334909) = 0,0016 — 0,669818 = —0,668218

and

h
Y2 =Y1 +g-(k1 + 2y, + 2k3 + ky)
0,1
= 0,409369 +—.[0,818638 + 2(—0,736368) + 2(~0,7445938) + (0,668218)]

0,1
= 0,409369 + r (—4,44878) = 0,409369 — 0,0741467 = 0,335222

This is an approximate solution. Since y(0,2) = 0,335222 and y(0,2),¢; = 0,328179, the
approximate error is calculated as:

E =10,335222 — 0,328179]| =~ 0,007043.

The 4th-order Runge-Kutta method significantly improves solution accuracy by performing
multiple slope evaluations at each step. In this example, it is clear that the result obtained with the
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4th-order Runge-Kutta method yields high accuracy and a value closer to the analytical solution.

Example: Let us calculate the solution of the initial value problem given as Z—z + 2y =x*,y(0) =

0,5at y(0,2) using the value h = 0,1 using the Adams-Bashforth method.

Let's solve the problem numerically using the four-step Adams-Bashforth method. The Adams-
Bashforth method finds the solution based on several initial values obtained by the Runge-Kutta
method at the starting points. Our equation is:

d
— = f(oy) = x* — 2y

And the quadratic Adams-Bashforth formula is:

h
Yn+1 =Yn T+ E (Bfn - fn—l)

Therefore, let's use the quadratic Runge-Kutta method to find the value of y 1 for the Adams-
Bashforth method here. For this, let's find the values:

ky = h-f(xn' Vn)

h kq
k, = hf(xn +§,yn +7)

h k,
ky; = h.f(xn+§,yn+7>

ky=nh.f(x, +hy, +ks3)
1
Yn+1 = Yn + g(k1 + 2k, + 2k3 + ky)

Therefore, x, = 0 and y, = 0,5 for

ky = (0,1).£(0,(0,5)) = (0,1). (0* - 2.(0,5)) = —0,1

- )

k, =(0,1).f <(0,05), (0,5 + )) = (0,1).((0,05)* — 2.(0,5 — 0,05))
= (0,1).(6,25.1078 — (0,9) ~ —0,09

ks = (0,1). f ((0,05), (0,5 + g)) = (0,1).(6,25.107% — (0,91)) ~ —0,091

ke = (0,1).£ ((0,1), (0,5 + (=0,091))) = (0,1). ((0,1)* - 2.(0,409))
= (0,1).(1.107* — (0,818) ~ —0,0817
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1
Y1 =Yo +€(k1+2k2+2k3+k4)

y; = (0,5) + % ((=0,1) +2(—0,09) + 2(—0,091) + (—0,0817))

= (0,5) — 0,0903 = 0,4097

Here, using the second-degree Adams-Bashforth equation, we find y, = y(0,2) for x, =
0 and y, = 0,5.

fo = f(x0,¥0) = £(0,(0,5)) = 0* — 2(0,5) = -1
fi = £, y1) = £((0,1),(0,4097)) = 0,0001 — 2.(0.4097) = —0,8194

With the expression Substituting into the second-order Adams-Bashforth formula, we get:
h
Y=yt §(3f1 — fo)

01 (3(-0,8194) — (-1))

Y2 = 04097 + =

y, = 0,4094 + (0,05)(—2,4582 + 1)
y, = 0,4097 + (0,05)(—1,4582) = 0,4097 — 0,0729 = 0,3368

This is approximately found. Since y(0,2) = 0,3368 and y(0,2),¢e; = 0,328179 , the
approximate error is:

E =10,3368 — 0,328179| = 0,008621.

Table 1. Error, Stability, and Efficiency Comparisons

Method Approximate Error Stability Productivity
value (Absolute)
Euler 0.32001 0.00817 Low High (simple and fast)
Heun 0.33629 0.00811 Middle | Medium (more accurate but with
additional processing)
Runge-Kutta 0.33522 0.00704 High Low (high accuracy, high
(RK4) processing)
Adams- 0.3368 0.00862 Middle High (multi-step, rapid
Bashforth-2 progression)

As shown in Table 1, the Euler method is the simplest and fastest, but it has the highest margin of
error. The Heun method is more accurate than the Euler method, but its error can still be increased.
The 4th-order Runge-Kutta method has the lowest error and is notable for its accuracy and stability.
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The Adams-Bashforth method, on the other hand, is computationally efficient due to its multi-step
method, but it requires starting with more precise methods for initial values.

More accurate results can be achieved with all methods by reducing the step size. However, this
increases computational cost. Therefore, a balance must be struck between accuracy and
computational efficiency.

4- Conclusion

In this study, approximate results obtained by applying different numerical methods to the same
differential equation are compared. The Runge-Kutta method is the most successful in terms of
accuracy, while the Adams-Bashforth method stands out in terms of speed and efficiency as shown
in Table 2. The Euler and Heun methods are suitable for learning and basic applications, but they can
be limited in complex systems.

Table 2. Summary of results

Method Complexity Truth Basic Idea

Euler Simple Low constant slope

Heun Middle Middle Slope average

RK4 High High Weighted average with a slope of 4
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Abstract

In this paper, we discuss the nonlinear HIV/AIDS mathematical model. It is commonly
acknowledged that individuals can become infected through sexual contact with someone
contagious (additionally thought to be infectious), and all infections eventually create AIDS. The
existence and uniqueness of qualitative results are demonstrated. The proposed system is analyzed
locally and globally as asymptotically stable without the HIV infection shedding in the
surroundings. We have also done the stability analysis, sensitivity analysis, and convergence of
the scheme. We develop the NSFD scheme for absolute convergence for HIV/AIDS or the threat
to life because of HIV/AIDS. Developed schemes have rapid convergence for all step sizes and
preserve all necessary properties for epidemic phenomena. This study plays a key role in
controlling infectious factors in epidemic problems. In conclusion, mathematical modeling
justifies our outcome.

Keywords: HIV/AIDS, stability analysis, sensitivity analysis, NSFD

1- Introduction

Methods and tools of applied mathematics are used to fulfill the aims of mathematical illustration
and modeling of biological processes in mathematical biology. Measurably telling schemes means
their manner can be enhanced virtually, and in the future, possessions can be foretold that might
not be obvious to the pseudoscientist [1].

During the 1920s, compartmental models were introduced, including the Kermack McKendrick
pandemic model (1927) and the Reed-Frost epidemic model (1928). These models collectively
revealed the vulnerability of populations to disease outbreaks and unhealthy and insusceptible
people in a population. The Kermack McKendrick scourge model was productive in anticipating
the conduct of ejections fundamentally the same as that observed in many logged pandemics [2].
Mathematical modeling displays infectious diseases, a device that has been utilized to consider the
components by which diseases spread, gauge the forthcoming spread of an outbreak, and evaluate
strategies to control pestilence [3]. The bills he considered were timetables of numbers and reasons
for demises distributed week after week. Graunt's inspection of reasons for demise is viewed as
the start of the hypothesis of restricting danger that, as indicated by Daley and Gani [3], is a
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hypothesis that is currently very much perceived among present-day disease transmission
specialists.

In 1981, the disease, named AIDS, was discovered in gay men in the USA [4]. Applied
mathematicians and biologists had an interest in HIV/AIDS transmission dynamics [5]. The
infection has demolished the whole world [6]. Many regions of the world still do not know about
the proper treatment of HIV, and they also lack treatment equipment. The second pandemic of
HIV was more severe. Dangerous sickness changed into an unending condition in the patients who
had been treated with antiretroviral treatment. The number of patients with HIV was more than the
number of treatment facilities, so the treatment is not given to every patient; thus, the plague of
HIV disease spreads day by day [7].

The creators deliberate not at all like dormant stages at risk of other interminable ailments that
each discrete may have. According to the model of the plague, it involves a period of inactivity
and the transmission of the disease to susceptible individuals, including newborns [8].

The early basis of the NSFD scheme began with the exact finite difference scheme. These schemes
were created by Mickens [9, 10] in ancient times. These schemes are produced to compensate for
the shortcomings. About the positivity, boundedness, and monotonicity of arrangements, the
NSFD scheme has a good introduction in excess of the standard finite difference scheme because
of its adaptability to develop an NSFD scheme that can save definite assets and constructions that
are trailed through the first equation. The remuneration of the NSFD scheme has been uncovered
in numerous arithmetical applications. Gonzélez-Parra et al. [11] and Arenas et al. [12] set up the
NSFD scheme to explain population and natural models, and Jordan [13] fabricated the NSFD
scheme for heat exchange issues.

2- Materials and Method for Model

The spread of HIV/AIDS occurs through different population estimates in a merging population
that can be reliably estimated. Within a given system, the human population is classified into four
distinct categories [4]: susceptible individuals S(t), HIV patients who exhibit mild or no symptoms
but can still transmit the virus to others I(t), HIV-infected patients C(t), and HIV patients with
visible symptoms A(t). The overall population at a given time t, represented as G (t), can be
characterized as follows:

GA)=SO+IM®+C@)+ A,
The rate A represents the likelihood of encountering individuals infected with HIV

In this context, the diffusion rate of HIV assembly is denoted by the symbol . The parameter
N4 = 1 indicates the relentless nature of AIDS side effects. It has been observed that patients with
AIDS side effects have a higher level of viral load, which is inversely proportional to their
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resistance. This is in contrast to pre-AIDS patients who have a lower level of viral load. This
finding has been reported in reference [22]. On the other hand, . = 1 represents the efficacy of
ART in treating HIV disease, as reported in references [8,23]. ART treatment can effectively
manage patients with AIDS side effects. Asymptomatic HIV-infected individuals I progress to the
HIV disease stage with ART treatment C(t) at a rate ¢. Individuals with HIV symptoms A(t)
those who begin the action and move from the I(t) stage are denoted. HIV-negative individuals
who do not receive ART treatment I(t) progress to the AIDS stage A(t) at a rate p.

S =A=B(IO + 1 CO) + naA (D)S (6) — S (©), (1
% = B(I(Y) + n¢ C(O + n4AWM)SO — (p + ¢ + p IO + wC(D) + aA(D), 2)
T= IO - (w+mC, 3)
L= pl(®) = (a+u+dAQ), Q)

Model (1-4) is clearly added with the beginning conditions
S(0)=S,  0)=1,, C(0) =G, A (0) = 4,,

By using equations (1-3), we attain the preservation law

O = A= BI® + 1¢ CO) + 14 AD)S® — uS®) + BID + nc CO) + N4AD)S(D) -

(p +o+wIt) + wC® + aA® + 1 (1) — (w +WC ) + pl () — (a +pu+ dAQ),

PO =A-uS® = pl®O— ¢ — ul O+ wC ) +aA®d + ¢1() — wC () -

HCO+ pl (MO —pA® — aAl®) — dA (D),

dljiit)=/\_’us(t)_ pul(®) —uC)— aA(t) — pl(b),
dz_it):/\—yH - pl(V), ®

Here H=S+1+C + A,is the aggregate dynamic social populace, such that people are
flourishing. Everywhere on this effort, we create the normal extra supposition with entombment
rate b, is not exactly or equivalent to the general demise rate u + p. On the off chance that this
condition is not met, at that point, the dead human people at last vanish from the network.

Proposition 3: Model (1)-(4), which is a dynamical framework for conservative set

) <N e M M
K = {S(t).l(t),C(t),C(t) € RY; Hp < I 'Cmsy(w+ﬂ) ’Amsu(a+u+d)}'
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3- Qualitative Analysis

Here we find the model (1)-(4), which shows the existence of the equilibrium point. A remarkable
job in the investigation was done by influx. p of the HIV/AIDS is from nature. Suppose
E (S,1, C, A)be the point of equilibrium, such that

N=BU "+ ncC* + nygA")S* —uS* =0, (6)
B(I" + ncC* + ngA*S)S* — (p +dp+WI" + wC* 4+ aA* =0, (7)
¢I" — (w+w)* =0, (®)
pl"— (a+u+d)A* =0, 9)

Adding equation (6) and (7) and by means of the order equation, we know

s*=3[/\+< v L +¢>+u))1* ]

u (o+m)  (a+p+d
¢ = ((w(iu)) I,
A" = ((a+i+d)) r, (10)

Using equation (10), we get

BlI + 2oy (Tars )I*]ll/\+< O _®___(p +¢+u)>1*l— (p +

(w+u) (a+u+d) u (w+u)  (at+p+d)

* ¢w * pa *
S+ + s+ () =0,

Bipp 4 Mcdo . Mapa \ ncw2¢21*2 pw .2 14 pAPW .2
M[AI (w+ )I ((a+u+d))1 (w+u)? (w+u)1 <(w+u)(a+u+d)) +

2 2 %2
( pa )I*2+( Ncpadw )I*2+M_(p+¢+u))1*2—m(p+¢+

(a+u+d) (w+p)(a+u+d) (a+u+d)? (w+p)
*2 _ napa %2 _ * ¢w * pa *
H’))I (((X+/.L+d))(p +¢)+nu))1 (p +¢)+nu))1 + (w+u)1 + ((a+/,l+d))1 _Or

We get the quadratic equation in [*
B,I** — ByI* — By = 0, (11)

where

B =§[ncw2¢>2 pw ( N4 paPw ) ( pa ) ( ncpaw )
2 (w+p)? (w+u) (o+w)(atu+d) (a+p+d) (w+u)(a+u+d)

n4a’p? ncpw N4 pa
Caspray ~ Pt o) = os(p + ¢ +0) - (o) o+ W)
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_ NBncow _(/\ BnApa)_ pw ( pa )'

_ _ _ N8 _
Bi=Bi(p)=(p +d+1w)— "~ 05 (atptd) )~ (worm  \(atprd)

By = By(p) =0,
Here we write B, (p), because B;(p) have distinctive signs of coefficient

1
e [(@+ u+ DNB(@ + 1) + ABncdw + pw ) + pa(w +

WAy +u) —plo+w(a+p+d)p +¢+p),
_ BAMcp(d+a+p) +pd+a+np+p)+w)
° " u(dpw +u(dp+ pld +a+p) +uld+a+p+up) +w)

Bi(p) =

In the future, on account of condition (11) and relying upon the estimation of infection enrollment
ratep, the presence, the bounds, and the number of equilibrium points are talked about

4- Stability Analysis
Model (1) is naturally significant for compressed and invariant areas characterized by

Ao Ap }

A
— K o I
K, = {S(t),l(t),C(t),A(t)e JH©) S & S mra i A S D

The local instability when Ry, = 1 and local stability of the disease-free equilibrium at whatever
Ry < 1 pursue from the notable outcome in [25, 26]. Here, we possess the accompanying outcome
for global stability.

Theorem 4.1: If R, < 1 the ailment-free equilibrium E, = (S, 0,0,0, ) of modal (1)-(4) is global
asymptotically stable (GAS).

Proof: Suppose S, = eand

LO = Lo(s, I, C,A) = S - Soln(S) + I + b1C + bz,

Utilizing the way that A = S, the Lie derivative of L, toward the vector field known through is

%z %(1‘ S"/S)J%* blfTi* bzz_f'
%=(A—ﬁ(l +1cC+ nAA)s—us)(l— SO/S)+/3(1 +1cC+ nuA)S —(p +¢ +
pIl +bi(p1—(w+wC)+ by(pl — (a+u+d)A),
dLg

L0 = Sy — U + 1c C + Mah)S =4S — uSo */5 + B + nc C + naA)S /g +
us S°/S+ BUA+ 1n:C+n4A)S —(p+¢d+u)l+ wC+ aA + bi(pD) — (by(w+
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1) C) + by(pl) — (b2(a+p+ d)A),

d
fz—%(5—50)2+ [BSo—(p +¢+u )+ b+ by pll+ [BSonc+ @ — by(w+

wIC+ [BSons + @ — b,(a + u+ d)]A, Choose b; and b,

fSonc+ w — by(w+p) =0, fSona+ a—b(a+u+d)=0,
b, = BSonct w _ BSonata
L7 (w+w) > 7?7 (a+p+ad)

) ... .dL
With this in mind d—t° becomes

dL,

== S = 5+ [BSo=(p +§+u )+ bip+bypll,

Putting values of b; and b,

dLy u BSonc + w BSona + «a
—r =g S+ ,350—(P+¢+l1)+((w—+#)> +<(a+—u+d)>p]l’
dLy

T =56 S+ [BS(w+w(a+tu+d)—(p +¢+u)(w+m(a+p+d+
(BSoncp + wp)(a+p+d) + (BSonap + ap)(w + )] <0,

We have the following equation
dL
€= {(s, I,C,A) € Ko/d—t‘) = 0}.

For malady-free equilibrium E, finish up by LaSalle's Invariance Opinion [27].
Hence, the system is stable.

Theorem 4.2: The endemic equilibrium point E¥# = (S*,I* C* A%) is locally asymptotically
stable if Re(1) < 0, otherwise unstable.

Proof: The Jacobian matrix is a framework of all first-order partial derivatives of vector esteem
work. When the matrix is square, its determinant is referred to as a Jacobian in writing.

—BI = BncC — PnsA —u —BS —BncS  —BnaS
J = Bl + BncC + Bn,A BS—(p+d+uw) BncS+ow PnS+a
0 ¢ —(w+w) 0 '
0 P 0 —(a+u+d)

Atput Ey = (2,0, 0,0),
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i A N A
u ﬁ# .BUCM .BUAH
A\ N A
Jo=[0 B——(+o+ —+tw —+a |
0 Bu (p+o+u .BUCM BUA’M
0 ¢ —(w + ) 0
L0 p 0 —(a+u+adl
Consider
|]0—M|=0,
[ A A A
— _A — — —_ — —_ —_
U ﬁll Bﬂcu ,377AM
A A A
Vo—All=[ o ,3;—([)+¢+li)—l Bncﬁﬂu /377AE+0!
0 ¢ —(w+pu)—2 0
0 p 0 —(a+u+d)— Al

Simplify for the value of A4

A = —0.01429, 4, = —1.46581 — 16i, A3 = —0.0019617 — 17 i, A, = —0.9551316 i,

In all, the real value of 1 are negative, so the system is locally asymptotically stable.

5- Reproductive Number and Sensitivity Analysis

The expected number of auxiliary cases in a population by an original infective person is
represented by R, which is an essential reproduction number. On the off chance that Ry < 1, at
that point, a contaminated individual delivers equal to the delivery of a new contaminated person
in an irresistible period, and the disease can’t spread. Opposite to it, if Ry > 1, at that point, each
tainted individual gives at a large level, and the infection can spread in the population. The value
of Ry is calculated by multiplying the disease rate by the average duration of the disease in an
infected compartment. Be that as it may, for more complex models with a considerable number of
tainted compartments, this straightforward heuristic definition of R, is insufficient. A broader
fundamental propagation number can be defined as the number of new diseases created by an

ordinary infective individual in a population at a DFE [19].

BAMcp(d+a+p) +uld+a+nup +u) + w)

0:u(dpw+u(dp+¢(d+a+u)+u(d+a+p+u)+w))'

5.1 Sensitivity analysis of R

o

(1 (d p w+p (d p+d (d+a+p)+p (d+a+p+p)+w))]2)

ORg _ {_ B A(nc¢ (d+a+w)+u(d+atnap+u)+w)(dp+ ¢p(d+at+u)+u(d+a+p+p)+p (d+atp+d+2 pP+w)

+
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B¢ (d+atnap+nc +2 1) _ B (nc ¢ (d+at+)+p (d+a+ng p+i)+w) 0
(p. (dp w+p (d p+d (d+ot+p)+p (d+(x+p+p.)+))>m 12 (dp wtp (d p+¢ (d+a+pw)+u (d+atp+p)+o)) !

IRy _ Bcd(d+a+w)+uld+a+np+u)+w) S0
N p(dpw+pdp+dd+a+wW+pd+atp+p+w)

aRoz AmeB+uld+a+np+p)+w) S
B pldpw+pdp+d@+a+w+pd+a+p+p+w))

0,

(0R_0)/(9n_C)
=ABPd+a+w)/(dpw+pudp+d(d+a+p+pd+a+p+p)

+w))>0
dRy ABp g
ORy _ NBUdp+WIcp(d+a+p)+puld+atnp+p)+w)
ow u(dpw+u(dp+¢(d+a+u)+u(d+a+p+u)+w))z
AB

+ > 0,
pdpo+pdp+dd+a+w+pd+a+p+p)+w)

0Ry _ AB(cp(d+a+w) +uld+a+np+u)+w)uld+p+dow)

dp u(dpu)+u(dp+<1)(d+0(+u)+u(d+on+p+u)+(o))2
n AB14 <
dpw+pdp+odd+a+pw+pd+a+p+p) +w)

0,

0Ry _ MABld+a+Wcp(d+a+m)+uld+atngp+p+o)

d¢ (dpoo+u(dp+c|)(d+a+u)+u(d+a+p+u)+oo))2
N Anc B(d + a+p) <
pdpo+pdp+dd+a+w+pd+a+p+p+w)

0,

Ry AB@+WIcpldtat+p)+uldt+atnpti)+o)
da (dpoo+u(dp+c|)(d+a+u)+u(d+a+p+u)+oo))2
AB (¢ &+ 1)

+ <0,
ndpo+pdp+d@+a+w+pd+a+p+p +w))

ORy _ NBpepd+at+p)+puldtatmp+m)+w)wlp+od+p+pw)
ad u(dpoo+u(dp+c|)(d+oc+u)+u(d+oc+p+u)+u)))2
+ AB (e &+ 1) <
ndpo+pdp+d@+at+p+pd+a+p+p+w)

0,

One can observe that the parameter R, is highly responsive to variations in the parameters.
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Specifically, an increase in the values of 5,71, 74, w tends to raise Ry, while an increase in

u, ¢, a,d, ptendstolower R,. To sum up, the sensitivity analysis suggests that prevention is more
effective than disease control.

6- Nonstandard Finite Difference (NSFD) Scheme

Let Y, = (S, I, Cx, A) T signifies an estimate of Y(t;) where t; =kAt with k € N, h=At > 0
being the period extent.

Our developed scheme is

Sk+1—SK
h

— A_’B(Ik + Uch + nAAk)Skﬂ — pSk+1,
St — SK = h(A = BU* + ncCF + 1y A)SKHY) — huSH*,
S+ huS** + hBU* + 1cC* + ny A)S*H = A + SK,
S¥Y1(1 + hu + hB(I* + ncC* + 1y A¥) = hA + SK,

kK+1 hA+SK
S T 1+hu+hB(IK + neck +ny AKY (12)

Ik+1_IK
h

= B(I¥ + ncCx + M AN)SKHE — (p + ¢ + I + o CK+ aAk,
K1 — 1K = hB(1¥ + ncCk +maAN)SK*T — h(p + ¢ + WI¥*! + hw C¥ + haAk,
1 h(p + ¢+ wI = hp(IX + ncCk +ny AK)SK + hw CK + hadk + X

11+ h(p + ¢ +w) = hBUIX + ncCx +npAF) SK*T + hw CK+ haak + 1K,

[l hB(IN +ncCk +np A)SKH + h o Chr hank+1X
(1+ h (p +dp+w) ’

(13)

ck+1_cK
h

— ¢Ik+1 _ ((1) + u)Ck+1,
Ck+1 _ CK =h (I)Ik+1 _ (h(x) + IJ.)Ck+1,
Ck+1 + (h(D + |.1)Ck+1 =h (I)Ik+1 + CK,
C*1(1 + (hw + p) = h eIkt + CK

K+l h¢lk+1+CK
C T (1+ h(w+w) (14)
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Ak+1 _AK
h

= pI¥*1 — (a+ p+ d)AH?,

ARH1 — AK = hpI**! — h (a+ p+ d)A*H,
A1 4 h (o 4 d)ART = hpl**t + AK,
A1 (1 + h(a+p+d) = hpIl1+AK

k+1 . hpIk+1+AK
AT = Gon ey (15)

6.1 Analysis of Scheme
Adding equations (13) and (14) of (16), we get
SKFL 4 [K+1 _ K _ [K = Ah — phS¥*t — h(p + & + WIX*! + h w CK + haAk,
(1+ ph)SE¥*1 = Ah + SK + I¥ + h w CX+ haA® — h(p + ¢ + WI¥HL,
(14 ph)Hgyy =Ah+Hg —h(p + ¢+ Wik, < Ah+ Hg,

(1 + I’lh)HK‘I'l S /\h + HK!

A
So, Hyyq < ’\—u , Whenever Hy < et

7- Numerical Results and Discussion

The study presents a mathematical analysis of the outbreak of HIV/AIDS, focusing on its non-
linear occurrence. The effects of the HIV/AIDS model's parameters can be measured by adjusting

their values for Ry < 1. The NSFD scheme is used in Figures 1-4, which show the convergence
solution for free equilibrium diseases at h=0.1, h=0.6, and h = 0.9 for (h) = h + O (h?). Figure
1 shows the susceptible populace at different step sizes in numerical form. Figure 2 talks about the
infected populace with clinical symptoms at time t at different step sizes in numerical form. The

infected populace at enduring stage C (t) in a time t is shown in Figure 3 with a step size. Figure
4 is all about the infected populace with clinical symptoms A at time t with step size in numerical
form. According to the desired results, a rapidly steady state is achieved by decreasing the step

size of the system. The parameters used in the system for simulation are given in Table 1.

Table 1: Table of parameters used in the system.

Parameter symbol Value for DFE Value for EFE
u 1/70 1/70
A 2 2
B 0.001 0.002
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e 0.04 0.04
" 1.3 1.3
w 0.09 0.09
p 0.1 0.1
b 1 1

a 0.33 0.33
d 1 1

Succeptible Population S(t)

Figure 1: Compartment of S (t) in a time t with h =0.1, h=0.6, and h = 0.9.
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Figure 2: Compartment of I (t) in a time t with h=0.1, h=0.6, and h =0.9.
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Figure 3: Compartment of C (t) in a time t with h =0.1, h=0.6, and h = 0.9.

Disease Free Equilibrium

N
o

—— h=() 9

-
@

- - -
N B~ ()]

Infected Population with clinical symptoms A(t)
=

0 5 10 15 20 25 30
Time (years)

Figure 4: Compartment of A (t) in a time t with h=0.1, h=0.6, and h =0.9.

8- Conclusion

Analysis of HIV/AIDS has been made with parameter aggregate population size and distinctive
transmission rates relying upon the viral load of HIV-contaminated individuals. We proved the
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existence of an ailment-free equilibrium. We presented systematically and described by numerical
reproductions that our NSFD scheme is vigorously steady regarding the accompanying properties
for the unceasing model, like positivity and boundedness for the solution and local and global
stability of the equilibrium. We demonstrated the numerical simulations by applying a nonstandard
finite difference scheme.
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Abstract

The aim of this paper is to describe new generalizations of Narayana numbers, called non-
Newtonian Narayana and non-Newtonian Narayana-Lucas numbers, and to study some of their
properties such as generating functions, some summation formulas, and identities such as Cassini,
Catalan, d'Ocagne, Gelin-Cesaro, and Melham.

Keywords: Non-Newtonian calculus, Narayana numbers, Narayana-Lucas numbers

1- Introduction

A mathematical problem, which is difficult or impossible to solve in usual calculus, can be solved
effortlessly in another calculus. Undoubtedly, the development of an alternative arithmetic will
have other benefits, such as aiding the development and understanding of new systems in many
branches of science. One notable example of such an alternative framework is the non-Newtonian
calculus, established by Grossman and Katz [10]. The non-Newtonian calculus relies on the
concept of a "generator". A generator is an injective function a: R - R, c R, defined by x ~
a(x) = x. Every element of R, is called a non-Newtonian number. The non-Newtonian integers
are listed as

o a(=3),a(=2),a(-1),a(0),a(1),a(2), a(3), ...

The concepts in usual arithmetic have natural counterparts in non-Newtonian arithmetic, which is
called a-arithmetic [5, 10, 11]. For x,y € R,, the framework of a-arithmetic includes the
following fundamental operations

a-addition x+y = a{a™1(x) + a 1 (y)},
a-subtraction x~y = af{a™1(x) — a"1(y)},
a-multiplication x X y = a{a™*(x) x a 1(y)},
a-division x/y = %a = afa (x) + a t(y)}.

Beyond these basic operations, several related concepts have been developed in the literature to
extend the scope of a-arithmetic: x is referred to as an a-positive (negative) number if 0 < x
(x <0), (x€R,), the a-square of x is given by x*=xxx, (x €R,), a(—x)=
af{—a (%)} =-x, (x€R), the «a-summation is defined by ,Xreq Xk
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a{Yi-1 a ()}, (g € RY).

Two important special cases of the generator are « = [ and a = exp. If @ = I, the a-arithmetic
corresponds to the classical arithmetic, whereas if a = exp, it corresponds to the geometric
arithmetic.

Integer sequences are widely used, particularly in mathematics and other sciences. Among the
most popular are the Fibonacci sequence and Lucas sequence, the latter being closely related to
the Fibonacci sequence. The Fibonacci and Lucas number sequences are defined by the formulas

F‘I’H-l = Fn + Fn—l with FO = 0, Fl =1
and
LTl+1 = Ln + Ln—l Wlth LO = 2, L1 =1

for n > 1 [12]. Other classical sequences related to the Fibonacci and Lucas numbers have also
attracted attention. One notable example is the Narayana sequence, defined by

Ny =Np-1+Np3, No=0, Ny=N, =1, (1)
and its companion sequence, the Narayana-Lucas sequence, defined by
Up=Up1+Upz Up=3 U =U;=1, (2)

for n >3 [4, 7, 17]. The Narayana and Narayana-Lucas number sequences with negative
subscripts are known by the following recurrence relations

N—Tl = N_(n_z) + N_(n_3) Wlth NO = N—l = O, N_z = 1
and
U—Tl = U_(n_z) + U_(n_3) Wlth UO = 3, U_1 = O, U—Z = _2,

where n > 3 [4]. The generating functions for the Narayana and Narayana-Lucas numbers are [ 18]

3-2t
1-t—t3

gn(t) = Xpg Nut™ = and gy(t) = Yoo Upt" =

1-t—t3
There are many studies on the Narayana numbers and their generalizations, as in [1, 3, 7, 9, 13,
14, 15]. For instance, some properties of the Narayana number sequence are given in [7]. Bilgici
[3] introduced generalized order-k Narayana number sequence and obtained some identities of the
Narayana numbers with the help of this generalization. The k-Narayana number sequences were
defined by Ramirez and Sirvent [15]. The authors gave some combinatorial properties and the sum
of the first n terms of these numbers. Soykan [18] provided the following summation formulas for
the Narayana numbers.

;clzo Ni = Npys — 1, (3)
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k=0 Nox = é(N2n+2 + Napyy + 2Nop — 2), “4)
Yk=0 Noks1 = §(2N2n+2 + 2Npqq + Nop — 1). (%)
Yk=o Neg ==2N_p_ 1 —N_p_,—N_p3+1, (6)
Yk=0 N2k = g(_ZN—2n+1 + N_gn — N_zn-1+2), (7
Yk=0 Nzk+1 = %(_N—2n+1 — N_gp = 2N_zp-1 + 1). (®)

Additionally, the following summation formulas hold for the Narayana-Lucas numbers [18].

Sro Uk = Unya — 1, )

Y=o Uz = %(U2n+2 + Uzns1 + 20Uz + 1), (10)
t=0 Uzier1 = 5 QUanysz + 2Uzns1 + Uy — 4). (11)
k=0 Uk ==2U_n 1 —U_y2—-U,3+1, (12)

Sico Uok = 5(=2U 41 + Usgn = U_gny = 1), (13)
P Usaiers = 3 (“Ugnes = Ugn = 2U_gpq +4). (14)

Furthermore, there are the following relations between the Narayana and Narayana-Lucas numbers
[18]

Un = 3Nptq — SNpy3 + 2Ny, (15)
Un = —2Npy3 + 2Npyp + 3Nnyy, (16)
Un = 3Npy1 — 2Ny, (17)
U, =N, + 3N,_3, (18)
31N, = =3Up44 + Upyz + 110,45, (19)
31N, = —2U, 43 + 11Uy — 3Up40, (20)
31N, =9Up, 47 — 3Upyq — 2U,, (21)
31N, = 6U,y1 — 2U, +9U,,_4, (22)
31N, =4U, +9U,,_1 + 6U,,_,, (23)

92


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

Nptm = NpNpyq + N1 Nyp_q + Ny o Ny, (24)
Unsm = UnNpy1 + U1 Npp—1 + U2 N, (25)

The Catalan, Cassini, d'Ocagne, Gelin-Cesaro, and Melham identities for the Narayana-Lucas
numbers are as follows:

Un+mUn—m - UTZL = (Nn+m + 3Nn+m—2)(Nn—m + 3Nn—m—2) - (Nn + 3Nn—2)2:
Uns1Un—1 — Ur% = (Nn+1 + 3Nn—1)(Nn—1 + 3Nn—3) - (Nn + 3Nn—2)2r
Um+1Un - UmUn+1 = (Nm+1 + 3Nm—1)(Nn + 3Nn—z) - (Nm + 3Nm—2)(Nn+1 + 3Nn—1):

Un+2Un+1Un-1Up—2 — Uf{
= (Nn+2 + 3Nn)(Nn+1 + 3Nn—1)(Nn—1 + 3Nn—3)(Nn—2 + 3Nn—4)
- (Nn + 3Nn—z)4

Un+1Un+2Un+6 - U12+3 = (Nn+1 + 3Nn—1)(Nn+2 + 3Nn)(Nn+6 + 3Nn+4) - (Nn+3 + 3Nn+1)3'
respectively [18].

The Fibonacci and Lucas number sequences have long attracted considerable attention in the
scientific community, leading to numerous generalizations. In this context, Degirmen and Duyar
[6] introduced the non-Newtonian Fibonacci and non-Newtonian Lucas numbers as new
generalizations of these sequences. These numbers are defined as

KRE, = F, = a(F,) and R8RXL, =L, = a(L,),

where F,, and L,, are the ordinary Fibonacci and Lucas numbers, respectively. The sets of non-
Newtonian Fibonacci and non-Newtonian Lucas numbers are [6]

and

The authors presented the following recurrence relations for the non-Newtonian Fibonacci and
non-Newtonian Lucas numbers

RRE, +8KF, ., = RXF,,, and XRL,+8KL,.; = RRL,,,.

In the case @ = I, the non-Newtonian Fibonacci and non-Newtonian Lucas numbers are converted
to well-known Fibonacci and Lucas numbers. Moreover, by setting @ = exp, the Fibonacci and
Lucas numbers with respect to geometric arithmetic are obtained as

RRGF = {XKE,:n € N} = {efr:n € N} = {e°, e, e},e?,e3,e%, €8, ...}
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and
RRGL = {RXL,:n € N} = {eln:n € N} = {e?,el,e3,e%, e7,e11,e!8, ...}

[6]. Several results for the non-Newtonian Fibonacci and Lucas numbers, including summation
formulas, Binet’s formulas, generating functions, and identities such as Cassini, Catalan, and
d’Ocagne, were provided by Degirmen and Duyar [6]. The authors also presented some relations
between these numbers. Following the paper [6], various other integer sequences have also been
studied in their non-Newtonian forms. Among these are the Pell and Pell-Lucas numbers
investigated by Yagmur [21], the Padovan and Perrin numbers studied by Digkaya [8], and the
Jacobsthal and Jacobsthal-Lucas numbers introduced in the non-Newtonian setting by Yesilyurt
and Degirmen [22]. In addition, Tetik et al. [20] examined the non-Newtonian Gadovan numbers,
while Szynal-Liana [19] studied on non-Newtonian balancing-type numbers. Furthermore, Sager
and Sagir [16] established some inequalities in the quasi-Banach algebra of non-Newtonian
bicomplex numbers. Non-Newtonian sequence spaces and their applications were also studied by
Basar and Hazarika [2].

Based on the above papers, we define non-Newtonian Narayana and non-Newtonian Narayana-
Lucas numbers and examine some of their properties, such as generating functions, Cassini,
Catalan, and d'Ocagne identities. We also present some relations between the newly defined non-
Newtonian numbers. Fist of all, we note that, throughout the paper, in each result only the first
item is proved in detail. Since the proofs of the remaining items can be derived by similar
arguments, they are omitted.

2- Main Results

Definition 2.1 The nth non-Newtonian Narayana and non-Newtonian Narayana-Lucas numbers
are defined by the recurrence relations

RXN, = N,, = a(N,)), and XKU, = U, = a(U,),
where N, and U, are the ordinary Narayana and Narayana-Lucas numbers.
The sets of the non-Newtonian Narayana and non-Newtonian Narayana-Lucas numbers are
RRN = {&&N,:n e N} ={0,1,1,1,2,3,4,6,9,13,19, ... }
and
RRU = {XXU,:n € N} ={3,1,1,4,5,6,10,15,21,31, 46, ... }.

Note that, by choosing a = I, the Narayana and Narayana-Lucas numbers are obtained with
respect to classical arithmetic. Also, if we choose a = exp, then we have the Narayana and
Narayana-Lucas numbers with respect to geometric arithmetic. The sets of the geometric non-
Newtonian Narayana and geometric non-Newtonian Narayana-Lucas numbers are
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RRGN = {XXN,:n € N} = {eM:n € N} = {e% e}, el,el,e?,e3,e% e% €% €3, ...}
and
RRGU = {RRU,;:n € N} = {eVn:n € U} = {e3,e!, e, e% e5 €% e10,e15 21,31, .. 1.

Theorem 2.1 The following recurrence relations hold for the non-Newtonian Narayana and non-
Newtonian Narayana-Lucas numbers

1. RRN,, = RXN,,_;+8XN,,_3,
2. XXU,, = XRU,,_; +R8RU,,_5.
Proof. Considering equation (1.1), we have

RRN,_ 1 +8RN, 3 = a(Np—q)+a(Np_3)
a{a_la(Nn—l) + d_ld(Nn_3)}
a(Ny—1 + Np_3)

a(Ny)

RXN,,.

Remark 2.1

1. If we use the identity function I for the generator a, we get the relations for the Narayana and
Narayana-Lucas numbers, which are given in equations (1.1) and (1.2).

2. By using a = exp, we get some geometric relations as

o eMNn= eNn—1+Nn—3’

o eUn = Un-1tUn-3
The last identity follows from

RRU,, =elr

and

XU, _1+8RU,_; = eUn-14¢Un-3
= gln(eVn-1)+in(eVn-3)

— e(Un—1+Un—3)_

Theorem 2.2 The generating functions for the non-Newtonian Narayana and non-Newtonian
Narayana-Lucas numbers are as follows:

t

L gxxvi Ry » Ry, guxn (8) = T &
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322t

2. gxxvi Ry = Ry, gxaw(0) = e ®

respectively.

Proof. Let the generating function for the non-Newtonian Narayana numbers is of the form

n

Ixxn (8) =¢ Z (RRN,, x t™),

k=0

where the symbol , Y3, denotes the @-summation. Then,

. Z (RRN, X t™) = RRN+R&N; X t+RRN, X t2+ Z (RRN, x t™)
n=0 n=3

= 041 x t41 x tz-i-az ((2 X KRN~ 1 + RRN,_3) X t7)
n=3

= tht24t X Z (RRN,_y % t" 1) +¢3 % z (RRN,_3 X t"73)
= n=3

n=3

= t+t24e x (a Z (RRN,, X t™)=RRNy—RXN, X t) Ft3x Z (RRN,, % t™).
n=0

n=0

Thus, we have
gNNN(t) X (i;t-i-tg) = t_]_ti;ti’
and

L a
i<tfe3

Ixxn (t) =
Remark 2.2

1. By using the generator @ = I, we have the generating functions for the Narayana and Narayana-
Lucas numbers, respectively.

2. By choosing @ = exp, we have geometric generating functions for the Narayana and Narayana-
Lucas numbers as

Int

— - 3
° gNNGN(t) = el Int+(Int) ,
3-2Int

¢ gxxeu(t) = e1-ine=(ne,
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The first generating function is derived as

In(t) In(t)
— eln(elét-i-(etketﬁ(et)) — eln(elét-i-(etketﬁ(et))

t
t) == —a = — - - a

In(t)

ln(el)—ln(t)+ln(eln(et)3)\

) Int
= e1-lnt+(nt)3

() ln(e
\

. ln<el;t +<eln(et)ln(et)ln(et)>)

=e
Theorem 2.3 Let , Y} -; denote the finite sum according to a-arithmetic for n > 0. Then, the

following summation formulas, for both positive and negative subscripts, hold for the non-
Newtonian Narayana numbers

1. o Y=o XRN}, = NNNn+3;i,

2. o Sioo KRNy, = 3 X (RN HRRN g +2 X KRN, 2),

3. o Tioo KRNyjepq = 2 X (2 5 KRNoppy+2 5 KRNy HRRN;, 1),
4. Y% RRN_, = =2 X RRN_,,_;=RKRN_,_,~RRN_,,_3+1,

5. o X RRN g = 3@ X (RRN_pp41 FRRN_ 5 “RRN_ 1 +2),

6. o X" RRN_pppq = %a X (SRRN_ 41 =RRN_pp =2 X KRN,y +1).

Proof.
n n n
) XN =a| ) ata(Vy) | = “(Z Nk> = a(Npys — 1) = afNpss}-a(1)
k=0 k=0 k=0
= KRN, , ;1.
Remark 2.3

1. Note that for the generator @ = I, we obtain the well-known summation formulas given in
equations (1.3)-(1.8).

2. By choosing a = exp, we have the following new summation formulas:

° eZ;cl=oNk = eNn+3—1’

1
° ezz=oN2k — eg(N2n+2+N2n+1+2N2n—2)

1
° eZLl:o Nogs1 — e§(2N2n+2+2N2n+1+N2n—1)

n
—oN_y — ,—2N_yn_1—N_p_,—N_p_3+1
° eZk_o k — e n—1 n-2 n-3 ,
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1

° ezkl:o N_zk — e3(‘2N—2n+1+N—2n—N_2n_1+2)
)

° ezz=oN—2k+1 = eé(_N—an—N—zn—ZN_Zn_1+1).
The first geometric identity is obtained by
2 SR RRN, = eZk=oln(e"k) = gXRoNi
and
KRN, s —1 = eNnts el = gln(eNm+3)=in(e?) = oNnss—1,

Theorem 2.4 For n > 0, the following summation formulas are valid for the non-Newtonian
Narayana-Lucas numbers

[y

. a Xik=0 RV = NNUn+3;i,
2. g Xkeo RRUz; = 30 X (RRUzpyp +XRUzp 41 +2 X RRU,, +1),

n I Sy e . .
3. a Xm0 RRUzgp1 =30 X (2 X BRUpp1p+2 X RRUppy 1 +R8U - 4),
4, Y0 RRU_;, = 22 X RRU_,_1 =RRU_,,_,~KRU_,,_3+1,
5. X0 o RRU_,; = %a X (22 X RRU_gp11 FRRU_3, =RRU_,,, 1 ~1),

6. o XN o RRU 541 = %a X (SRRU_pp 41 ~RRU_3,=2 X RRU_,,,_1+4).
Proof. The proof is similar to the proof of Theorem 2.3.

Remark 2.4

1. If we use the identity function I for the generator a, then we obtain the well-known summation
formulas with negative subscripts given in equations (9)-(14).

2. By choosing a@ = exp, we have the following new summation formulas:

Y ez;(lzo Uk = eU‘n+3_1,

1
° 821’}:0 Uk — eg(U2n+2+U2n+1+2U2n+1)

1
° eZLl:o Upk41 — e§(2U2n+2+2U2n+1+U2n—4)

n
—oU—k — p—2U_pn-1-U_p—2-U_p_3+1
PY eZk_o k=¢ n-1 n-2 n-3 ,
1
821’}:0 U_sk — eg(—zU—2n+1+U—2n—U—2n—1—1)
E)

1
o eZ};:O U_zk+1 — e;(—U—2n+1—U—zn—ZU—zn—1+4)
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Theorem 2.5 There are the following relations between the non-Newtonian Narayana and non-
Newtonian Narayana-Lucas numbers:

1. RRU, = 3 X RN, ;45 X KRN, 3+2 X RN, ,,
2. RRU, = =2 X KRN, ;3+2 X RN, ,+3 X RRN,,, 1,
3. RRU, = 3 X RRN,,,;—2 X RXN,,,

4. RRU,, = 8RN, +3 X RRN,,_3,

5.31 X KRN, = =3 X RRU,,; 4 +RXU,, 13 +11 X XU, 5,
6.31 X KRN, = =2 X RRU,,;3+11 X KRU,1 =3 X RRU,,41,
7.31 X RN, = 9 X RRU,, ;=3 X RRU,;11=2 X RRU,,,
8.31 X RRN,, = 6 X RRU,,,1—2 X RRU,,+9 x RRU,,_;,

9. 31 X RRN,, = 4 X RRU,+9 X RRU,,_;+6 X RRU,,_,.
Proof. Using equation (15), we have

3 X KRN, 1, =5 X KRN, 342 X RRN,,., ,

= a(3) X a(Np4a)=a(5) X a(Npyz)+a(2) X a(Nny)

a{a~ta(3) x a ta(Npya)}—afa™a(5) X aa(Nyy ) Hafa a(2) X a™ a(Npy2)}
= a(3Np14)—a(5Npy3)+a(2Nyy )

a{a™ a(3Np44) — @ ta(5Npi3) + @ ta(2Np,2)}

a{3Nn+4 —S5Np43 + 2Nn+2}

= a{Un}

= NKXU,.

Remark 2.5

1. Note that for the generator o = I, we get the well-known relation formulas given in equations
(15)-(23).

2. By choosing @ = exp, we have the following geometric relation formulas:

o eUn = e3Nn+4_5Nn+3+2Nn+2’

° eUn = e_ZNn+3+2Nn+2+3Nn+1,

° eUn = e3Nn+1_2Nn,

o eUn = eNn+1+3Nn—3’

o e3WNn — e—3Un+4+Un+3+11Un+2,
o 3WNn — e—ZUn+3+11Un+2—3Un+1’
° 631N" — 89Un+2_3Un+1_2Un,
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31Ny — ,6Un+1—2Un+9Upn_q
H

e ¢ e

31Ny — ,4Un+9Upn_1+6Upn_»

e ¢ e

The last identity follows from

4 X RRU,+9 X RRU,,_;+6 X ¥RU,_, =e*xeVnie’ x eUn-14e® x eUn-2
— eln(e4)xln(eun)_i_eln(eg)xln(eun-l)_i_eln(e6)><ln(eun-2)
— e%Un}g9n-1g6Un—2
— eln(e‘wn)+ln(e9Un—1)+ln(e6Un—2)

— 4Un+9Un_1+6Un_z

and
31 X KRN, = €31 x eNn = gln(e®)xin(en) — o31N,

Theorem 2.6 There are the following identities for the non-Newtonian Narayana and non-
Newtonian Narayana Lucas numbers:

1. KRNy = RN, X RRN; 1 FRRN, X RN, +FRRN,,_, X RRN,y,,
2. RRUy o = XRUp, X RRN, 41 FRRU, 4 X RRN,,_ 1 FRRU, 5 X RRN,,.
Proof. Considering equations (24) the desired result is obtained immediately.

RRN,, X RRN,,, 1 FRRN,,_; X RRN,,,_; +XRN,,_, X XXN,,

= (a(Nn) X a(Nm+1))+(a(Nn—1) X a(Nm—l))'i'(a(Nn—Z) X a(Nm))

= afa™ a(N,) X e a(NpyD}a{a  a(Np-1) X @ ta(Npp_)}Hafa ™ a(Ny_p) X a™ta(Np)}
= a(NnNm+1);a(Nn—le—l)'i'a(Nn—ZNm)

= a{a_la(NnNm+1) - a_la(Nn—le—l) + a_la(Nn—ZNm)}

= a{NyNm+1 — Np—1Nep_q + Np_pNpp}

= a{Np4m}

= XN, 4m-
Remark 2.6

1. Note that for the generator ¢ = I, we obtain the relations given in equations (1.24) and (1.25).

2. By choosing a = exp, we have the following geometric relations:

° eNn+m = eNnNm+1+Nn—1Nm—1+Nn—2Nm’

o eUnitm = pUnNm41+tUn—1Nm—-1+Un—2Nm_

The first geometric identity follows from
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RXN,, X NNNm_l_l-i-NNNn_l X NNNm_l-i-NNNn_Z X RXN,,
e eNn >.< eNm+1_i_eNn—1 >.< eNm—l_.i_eNn—Z 5( eNm
— eln(e””)xln(eNmH)_i_eln(eNn—l)xln(eNm-l)_i_eln(eNn-Z)xln(eNm)

= eNnNm+1 4 oNn-1Nm-1_{ pNn—2Nm

— eln(eNnNmH)+ln(eNn—le—1)+ln(eNn—2Nm)

= eNnNm+1+Nn-1Nm-1+Nn—2Nm

and
R8N,y = eNntm,

We now present the Catalan, Cassini, d'Ocagne, Gelin-Cesaro, and Melham identities for the non-
Newtonian Narayana-Lucas numbers, valid for all integers n and m. These identities follow
directly from Theorem 2.5 (4), and hence their proofs are omitted.

Theorem 2.7 The Catalan, Cassini, d'Ocagne, Gelin-Cesaro, and Melham identities for the non-
Newtonian Narayana-Lucas numbers are

XRUpy 1 X KU,y ~RRUZ =

(RN 4 +3 X RN, o) X (RN, 3 X KRN, 5 ) —(RRN,+3 % xan_z)i,
RRUp41 X RRUp_~8RUZ = (RRNpy1+3 X RRN,_;) X (RRN,,_;+3 X RRN,,_;)
= (RRN, +3 X RRN,,_, )",

RRUpp1 X RRU,8RU,, X 8RUpyq = (RRNpy1+3 X RN, ) X (RRN,+3 X RRN,,_,)
= (RRNp+3 X RRNpp_5) X (RRNp 14 +3 X 8RN, ),

NRU, 45 X XRU, 4 X RRU,_; X RRU,_,—~XRU
= (RN, 42 +3 X RRN,) X (8RNp11+3 X RRN,,_1) X (RRN,_;+3 X RRN,,_3)

X (RRN,_,+3 X RRN,,_,) —(RRN,+3 % xan_2)4,
RRUp 41 X RRUp4p X RRUp 6= RRUS, 3 = (RRN,pq+3 X RRN,_;) X (RRN, 4 +3 X RRN,,)
X (RN 6+3 X R8Ny 4 )= (KRN, 4 3+3 X xanﬂ)g,
respectively.
Remark 2.7

1. We note that the Catalan, Cassini, d'Ocagne, Gelin-Cesaro, and Melham identities of the non-
Newtonian Narayana-Lucas numbers turn into the well-known forms of these identities for the
Narayana-Lucas numbers when the generator « is chosen as 1.

2. According to geometric arithmetic, we have the geometric form of these identities for the
Narayana-Lucas numbers as follows
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° eUn+mUn—m_Urzl = e(Nn+m+3Nn+m—2)(Nn—m+3Nn—m—2)—(Nn+3Nn—z)z’
o eUnt1Un-1=Uf — oWNn+1+3Nn-1)(Nn-1+3Nn—3)=(Nn+3Nn-2)*

o eUmt1Un—UnUn+1 — e(Nm+1+3Nm—1)(Nn+3Nn—2)_(Nm+3Nm—2)(Nn+1+3Nn—1)’
o eUn+2Uns1Un—1Un_»—U —

e (Nn+2+3Nn)(Npy1+3Nn—1)(Np—1+3Nn—3)(Np—2 +3Nn—4—)_(Nn+3Nn—2)4'

° eUn+1Un+2Un+6_U13;+3 - e(Nn+1+3Nn—1)(Nn+2+3Nn)(Nn+6+3Nn+4)_(Nn+3+3Nn+1)3,

respectively.

The Catalan identity with respect to geometric arithmetic follows from

RRU o X RRU, . —RRUZ = gUntm x gUn-m2gUn x gUn
= eln(eVntm)xin(eUn-m) - ,in(eVn)xin(eVn)
= eUntmXUn-m L o UnXUn

eln(eUn+m><Un—m)_ln(eUn><Un)

= eUn+mUn-m—Uj

and

(RRNp 1 +3 X 8RN m_z) X (RRN,_pp+3 X RRN, 5 )= (RN, +3 X xan_z)Z
= (eNn+mie3 X eNn+m-2) x (eNn-mie3 X eNn-m-2) = (eNnfe3 X eNn-2) x (eVnte3 X eNn-2)
— (eNn+m_i_eln(e3)><ln(eNn+m—2)) % (eNn_m_i_eln(e3)><ln(eNn—m—2))

;(eNn_i_eln(e3)xln(eNn—2)) < (eNn_i_eln(e3)xln(eNn—2))

= (eNn+m.i_e3Nn+m—2) X (eNn—m.i_e3Nn—m—2);(eNn_i_e3Nn—2) X (eNn.i_e3Nn—2)
— (eln(eNn+m)+ln(e3Nn+m-2)) < (eln(eNn—m)+ln(e3Nn—m—2))

;(eln(eN")Hn(e?'Nn-Z)) % (eln(eNn)+ln(e3Nn-2))
= eNn+m+3Nn+m—2 X eNn—m+3Nn—m—2 ;eNn+m+3Nn+m—2 X eNn+m+3Nn+m—2
eln(Nn+m+3Nn+m_2)xln(eNn—m+3Nn—m—2);eln(Nn+m+3Nn+m_2)xln(eNn+m+3Nn+m—2)
eln(eNn+m+3Nn+m—2)xln(eNn—m+3Nn—m—2);eln(eNn+m+3Nn+m—2)xln(eNn+m+3Nn+m—2)
= eNn+m*3Nnim-2XNn-m+3Nn-m-2 = o Nn+m+3Nn+m-2XNn+m+3Nnim-2

e ln(eNn+m+3Nn+m—2 XNn—m+3Nn—m—2)_ln(eNn+m+3Nn+m—2 XNn+m+3Nn+m-—2 )

— e(Nn+m+3Nn+m—2)(Nn—m+3Nn—m—2)—(Nn+3Nn—2)2 .
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Abstract

Power generation in Tiirkiye is usually shaped by the effects of the global energy crisis, economic
fluctuations, and increasing domestic demand. The indicators showed that renewable energy
accounted for 41% of energy production, with solar energy accounting for 9.17%. PV systems
have grown fast in popularity. This may primarily be ascribed to the notion of photovoltaic (PV)
systems as a cleaner and more eco-friendly substitute for fossil fuels. We determined that solar PV
systems are a desired alternative energy source for Tiirkiye. Solar PV systems use cells to
transform sunlight directly into electricity for generating clean and cheap energy during the
daytime. The capacity of solar panels in PV systems has increased, resulting in the assemblies that
deliver the most economical electricity in several regions globally. This study aims to create Al
models to predict solar radiation (SR) using advanced machine learning techniques like Gradient
Boosting, Random Forest and Decision Tree. The solar radiation parameters were used for
predicting the amount of SR generated in Tiirkiye and creating maps of the important parameters.
Solar panels can generate a lot more energy when slanted at the proper angle rather than when they
are flat. This process is particularly crucial for locations where the sun's angle varies significantly
throughout the year. The results and findings will help advance a data-driven approach to
renewable energy planning and help create more sustainable and effective energy systems in
various geographical areas in Tirkiye. There are some limitations of PV systems including end-
of-life PV recycling, reuse, or landfilling methods, environmental implications, and economic
sustainability.

Keywords: Solar radiation, machine learning, photovoltaic, energy planning

1- Introduction

PV cells in solar PV systems harness sunlight to produce electricity, ensuring clean and economical
power generation throughout the day [1]. PV is considered a mature technology by Victoria et al.
[2], with notable benefits in terms of emission reduction. Belsky et al. [3] reported that the installed
capacity of PV systems has increased substantially, resulting in large-scale utility projects
producing the most affordable electricity across many parts of the world. Moreover, the adoption
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of lean production systems has minimized energy consumption and waste during manufacturing,
resulting in reductions in CO: emissions at all stages globally [4]. The findings of Elkholy and El-
Ela [5] indicated that as PV plant costs decrease, the unit cost of electricity from solar PV systems
will also continue to decline. However, accurate estimation of module current and voltage remains
a challenge in PV system design under real conditions [6]. Furthermore, Ziane et al. [7]
demonstrated that irradiance and temperature play the dominant role in PV module performance.
In most PV technologies, output declines as module temperature rises, while higher irradiance
consistently enhances performance. According to Simioni & Schaeffer [8], performance variations
are affected by spectral angle and incident geometry, requiring outdoor monitoring to evaluate
their effects. As noted by Mitterhofer et al. [9], maintaining PV panels at the standard 25 °C during
field testing is difficult; thus, they developed mathematical explanations linking temperature to
electrical parameter variations. The literature provides comprehensive analyses of different PV
technologies, emphasizing both their efficiency discrepancies and the parameters that significantly
influence performance under varying conditions [10—12].

Building on previous research, this study employs several parameters that are widely recognized
as critical for PV performance evaluation, namely temperature [7], optimum tilt angle (°)[13],
direct normal irradiance [14], global horizontal irradiance [15], global tilted irradiance [16] and
diffuse horizontal irradiance. The study incorporated these parameters to assess radiation
availability and predict PV output (PV). Despite technological advances, PV systems still require
storage or grid integration to ensure sustainable operation. A major drawback of PV systems is
their reliance on either self-balancing generation or large-scale battery storage to manage
instantaneous energy consumption. Consequently, effective integration with national and
international grids is essential to ensure continuous operation, lower costs, and reduce greenhouse
gas emissions [17], while also supporting climate change mitigation [18].

Drawing on long-term annual averages across Tiirkiye, this study encapsulated spatial and
temporal variability in solar energy potential, which serves as a foundation for comprehensive
predictive electricity modeling. Several approaches have been developed to optimize system
parameters, such as the simple yet widely used formulas introduced by Reda and Andreas [19],
which link the optimum tilt angle to site latitude. Suri et al. [20] employed satellite data to refine
optimum tilt angle calculations across Europe, demonstrating that fixed-angle systems can perform
effectively, particularly when optimized on an annual basis. Statistical and physical models often
fall short in forecasting solar energy because of its nonlinear behavior, as they cannot fully exploit
available data or adapt effectively to dynamic conditions. In contrast, machine learning (ML)
methods have enhanced prediction accuracy by processing large datasets and identifying hidden
patterns [21]. In this context, Akhter et al. [22] examined various ML techniques, including hybrid
methods, DL, and mathematical modeling, to evaluate the contribution of diverse input parameters
to PV energy prediction.

Recent studies have highlighted the superiority of machine learning (ML) and deep learning (DL)
over classical statistical approaches for PV energy forecasting. Essam et al. [23] and Munawar &
Wang [24] showed that algorithms such as gradient boosting, decision trees, random forest, SVM,
and ANN outperform traditional models like ARIMA and linear regression [25] by effectively
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handling nonlinearity and large datasets. LSTM and CNN are effective for solar forecasting [26],
with ensemble models offering greater accuracy [27].

This study begins with an introduction that outlines PV system parameters, main challenges, and
research objectives, with a focus on ML approaches. Section 2 presents the data analyses, including
correlation studies and the generation of new parameters. Section 3 describes the applied models
and the model design. Section 4 discusses the findings and provides a detailed discussion. Finally,
the paper concludes by summarizing the main outcomes and suggesting future directions to
enhance PV system performance.

2- Dataset Analysis

The dataset [28], employed in this study was supplied by Solargis, a PV power plant developer
and operator that delivers reliable solar radiation, meteorological, and environmental data to the
solar industry. It covers the years 1994-2018 for western Tiirkiye and 1999-2018 for eastern
Tiirkiye. Since ambient air temperature and related environmental conditions significantly impact
PV efficiency, the study incorporated long-term annual average temperature (°C) data from 1994
to 2018.

The dataset comprises a wide range of meteorological and solar radiation parameters that are
essential for assessing the solar energy potential across Tiirkiye. In particular, the study
incorporates as input variables the air temperature (°C), diffuse horizontal radiation (kWh/m?),
direct normal radiation (kWh/m?), global horizontal radiation (kWh/m?), global tilted radiation on
optimally inclined surfaces (kWh/m?), and the optimum tilt angle of PV panels. The dependent
variable is photovoltaic energy generation (kWh/kWp), which reflects the annual energy yield per
unit of installed capacity across Tlirkiye.

2.1 Construction of Derived Parameters

Parameter construction means deriving new features from raw data to improve model stability and
clarity [29]. The dataset was enriched by deriving new parameters through domain expertise,
applying mathematical operators to existing variables in line with the standalone parameter
construction approach. In this context, the newly added parameters can be defined as follows:
irradiance efficiency, which captures the radiation reaching the panel and its directional
effectiveness; the direct global ratio, reflecting atmospheric impacts; and the thermal stress
indicator, accounting for efficiency losses from high temperature and intense radiation.
Additionally, the global horizontal radiation/PV ratio was defined as Power Conversion Efficiency
(POW_CONV_EFF), reflecting the system’s ability to convert solar radiation into electricity.

2.2 Exploratory Data Analysis

The dataset was enriched with newly constructed parameters, underwent preprocessing before
being used for model training. At the first stage, missing values were analyzed and outlier were
detected to identify irregular data points. Outliers were removed to enhance the reliability of the
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dataset. By applying this technique, the distribution is standardized and extreme variances were
controlled [30]. Correlation analysis was conducted to detect potential dependencies and
multicollinearity among the variables. Figure 1 presents the relationships between environmental,
operational, and performance parameters in PV systems.

Direct normal radiation, global horizontal radiation, and global tilted radiation exhibited very
strong correlations, highlighting significant multicollinearity among the irradiance-related
parameters. In contrast, diffuse horizontal radiation has a weaker negative relationship with PV
and an inverse relation with Direct normal radiation.
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Figure 1. Heatmap of parameter correlation coefficients for solar electricity generation

Irradiation effectiveness is negatively linked with direct normal radiation but positively with
diffuse horizontal radiation, suggesting different efficiency behavior under direct versus diffuse
irradiance. Thermal indicators temperature and thermal stress are almost identical, though their
correlations with PV remain limited. Finally, power conversion effectiveness is positively
correlated with PV and irradiance metrics, while showing negative links with diffuse horizontal
radiation and irradiance efficiency. These findings highlight the need for careful variable selection
to avoid multicollinearity when multiple irradiance-based predictors are used.

3- Methodology

In this section, the methodological stages for applying solar radiation and meteorological data to
forecast electricity generation are presented. Within the scope of renewable energy planning in
Tiirkiye, the stages comprise parameter engineering, data preparation, and predictive modeling.
The steps and methodologies adopted in this research are summarized in the flowchart shown in
Figure 2.
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Dataset Feature Engineering & Data Model Building Model Evaluation
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Figure 2. Methodological flowchart of the study
3.1 Model Design and Implementation

The development of an Al model begins with clearly defining the problem and its scope, followed
by specifying the dataset containing the input features and target variables. To predict photovoltaic
energy generation (PV), this study utilized a range of data-driven modeling techniques, including
Decision Tree, Random Forest, and Gradient Boosting.

In this study, the parameters of each Al model were optimized using the grid search technique,
after which their performance was assessed through 5-fold cross-validation, and key regression
metrics were calculated to provide a comprehensive evaluation of model accuracy.

3.2 Machine Learning and Deep Learning Algorithms

This section details the model development procedure utilizing three distinct machine learning
algorithms and one deep learning algorithm on the dataset provided. The machine learning models
employed include Decision Tree, Random Forest, and Gradient Boosting methods to predict
photovoltaic electricity generation (PV).

3.3 Decision Tree

Decision Tree (DT) regression employs a tree-like structure to predict continuous values. DT splits
the data into smaller parts utilizing simple rules derived from input parameters, based on
algorithms. These divisions aid in reducing prediction mistakes. At each leaf node, a prediction is
generated, typically reflecting the mean value of the associated group. Decision Trees possess
characteristics such as interpretability, capability to manage diverse data classes, and low
preparation requirements.

3.4 Random Forest

Random Forests (RF) is a frequently employed machine learning technique for regression tasks
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due to its simplicity and adaptability. It enhances the decision tree by amalgamating numerous
trees to augment the accuracy and resilience of the forecast. It partitions trees by employing a
random selection of parameters at each division and creates regression trees based on shared
sections of the training data. The prediction is derived by computing the average of the outputs
from all trees. This method diminishes unpredictability and mitigates overfitting by employing
numerous decision trees, particularly in high-dimensional contexts. Random forests are non-
parametric, handling nonlinear relationships, and exhibit considerable robustness to noise.
Nonetheless, they may incur significant computing costs and exhibit poor interpretability relative
to individual trees.

3.5 Gradient Boosting

Gradient Boosting (GB) is a supervised machine learning methodology that systematically builds
an ensemble of weak regression models. It trains each new model to predict the residual errors of
the current ensemble and improves a differentiable loss function by aligning each base learner with
the negative gradient of the loss derived from the current predictions. Gradient Boosting has
superior predictive accuracy and flexibility across many loss functions, requiring careful
calibration to prevent overfitting.

4- Results and Discussion

This study improved the performance of the selected models by applying hyperparameter
optimization through the grid search approach, which identified the optimal values for each
parameter. Table 1 illustrates the average training and testing results for the three different
prediction approaches.

Table 1. Comparative average metrics of model performance in training and testing

Training Testing

Model R? Adjusted \jSg  RMSE  R? Adjusted n\SE  RMSE

R? R?
Decision 0.98 0.98 171.14 13.08 0.98 0.98 299.17 17.30
Tree
Random 0.98 0.98 29394 17.14 0.96 0.96 488.95 22.11
Forest
Gradient 0.99 0.99 3944 6.28 0.99 0.99 71.58 8.46
Boosting
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The results indicate that Gradient Boosting surpasses the other models, achieving the greatest R?
and adjusted R? values of 0.99, signifying an exceptional fit to the solar radiation data in both
training and testing phases. It attains the minimal error rates, exhibiting MSE values of 39.44 and
71.58, alongside RMSE values of 6.28 and 8.46 for training and testing, respectively. The
Decision Tree model exhibited robust performance, achieving R? and adjusted R? values of 0.98,
indicating its effective capacity to elucidate PV generation based on solar radiation data. The
training and testing methods produced MSE values of 171.14 and 299.17, and RMSE values of
13.08 and 17.30, respectively.

The Random Forest model attained R? and adjusted R? values ranging from 0.96, indicating
robust correlation coefficient relatively better compared to the other models. Random Forest
exhibited reduced errors (MSE 293.94/488.95; RMSE 17.14/22.11). In conclusion, although all
models shown robust predictive capabilities, Gradient Boosting distinguished itself through
superior fit and error minimization, rendering it the most reliable approach for PV prediction based
on solar radiation data. Figure 3 presents scatter plots comparing the predicted and actual values
across three predictive models.

L ,,,mlllll"'"

| IH'" g
S , “;m'“'

Predicted Val
Predicted Vi
&
a
3

1400 i'i'!’i‘. : 1400 I”"'I!'
1300 'i‘{gf 1300 Ili R = 0967
1300 08 250 o o 1300 1400 1500 1600 1700
Actual Val Actual Values
(b)
(a)
1700 - ; s "‘l
!
1600 :
. it
,itl'"-
% 1500 'l"l"‘
- o
1400 .”.rlt"
o || uf!

1300 1400 1500 1600 1700

Figure 3. Scatter plots showing actual versus predicted values for the models: (a) Decision Tree,
(b) Random Forest, (¢) Gradient Boosting.
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5- Summary of Findings and Future Work

This study applied data-driven approaches to analyze the main factors affecting photovoltaic
electricity generation in Tiirkiye, with particular emphasis on solar radiation parameters. The
Gradient Boosting approach outperformed in all evaluated metrics, demonstrating the highest
predictive accuracy among the assessed models. Future studies should integrate temporal and
spatial analyses to account for seasonal and regional variations, thereby improving the accuracy of
localized solar energy production assessments. Advanced modeling approaches such as ensemble
deep learning, hybrid architectures, transformers, and transfer learning offer strong potential to
improve the robustness of PV power generation forecasts, particularly when enriched with
additional parameters and larger datasets. In conclusion, this study provides methodological
contributions and practical insights for renewable energy planning and photovoltaic system
optimization through the application of robust predictive modeling.
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Abstract

Credit risk estimation plays a critical role in financial decision-making, yet the phenomenon of
predictive multiplicity [ 1], where multiple models yield similar accuracy but diverge in individual-
level predictions, remains underexplored in this domain. This paper introduces a systematic
framework to assess predictive multiplicity in probabilistic classification by leveraging the
Rashomon set [2] of near-optimal models generated using H>O AutoML [3]. We used two key
metrics: the viable prediction range [4], which quantifies the variability in risk scores across
models, and ambiguity [ 1], which captures the prevalence of substantial prediction deviations from
a reference model. Using nine publicly available credit datasets, our results reveal significant
heterogeneity in multiplicity levels. While some datasets show high variability, others display
remarkable stability. These findings have critical implications for model governance and fairness,
especially under legal frameworks such as GDPR [5] and the EU AI Act [6]. Our study emphasizes
the importance of evaluating prediction consistency and model selection alongside accuracy to
ensure trustworthy Al-based credit scoring systems.

Keywords: Credit risk estimation, predictive multiplicity, model selection

1- Introduction

In the context of credit risk scoring, the use of artificial intelligence (Al) models in banking
applications is increasingly subject to comprehensive legal and regulatory frameworks designed
to ensure transparency, fairness, and accountability. The EU General Data Protection Regulation
(GDPR), particularly Article 22, restricts fully automated decision-making, such as algorithmic
credit scoring, unless explicit consent is given or adequate safeguards, including human
intervention and explainability, are provided [5]. Complementing this, the EU Al Act, adopted in
2024, categorizes credit risk scoring systems as high-risk Al applications, thereby imposing
stringent requirements on data governance, model interpretability, bias mitigation, and human
oversight [6]. At the national level, jurisdictions like Turkey enforce similar standards through the
Personal Data Protection Law (KVKK) [7] and regulatory bodies such as the Banking Regulation
and Supervision Agency (BDDK) [8], which mandate the reliability, auditability, and validation
of Al-based risk models under their internal systems and IT governance frameworks. Additionally,
international guidelines such as the Basel Committee’s principles on Al usage in financial services
and the OECD Al Principles further emphasize the importance of ethical Al deployment in credit-
related decision-making [9, 10]. These frameworks collectively aim to balance innovation in Al-
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driven credit risk assessment with the protection of consumer rights and the integrity of financial
systems.

Despite the growing adoption of machine learning models in credit risk assessment, limited
attention has been given to the issue of predictive multiplicity—that is, the variation in individual
risk predictions produced by equally accurate models. This raises concerns about the reliability
and consistency of automated decisions [11], particularly in high-stakes domains regulated by
strict legal frameworks. To address this gap, this study focused predictive multiplicity in the
context of credit risk scoring using a model-agnostic framework to quantify multiplicity within the
Rashomon set of near-optimal classifiers. Two key metrics are employed: the viable prediction
range, which captures the extent of variability in risk scores assigned to each individual, and
ambiguity, which measures the prevalence of substantial disagreements across models. Empirical
results on ten benchmark credit datasets reveal substantial differences in multiplicity levels across
datasets, highlighting that even under similar performance, model-induced uncertainty can vary
widely. These findings stress the importance of assessing prediction stability to ensure trustworthy
Al systems in regulated financial environments.

The structure of this paper is as follows. Section 2 introduces the necessary background concepts.
Section 3 describes the experimental design, including the datasets utilized. Section 4 presents the
key findings derived from the experiments. Finally, Section 5 offers a discussion of the main
conclusions, outlines current limitations, and suggests directions for future research.

2- Methodology

To systematically assess predictive multiplicity among models within the Rashomon set, we adopt
two key measures: the viable prediction range [3] and the ambiguity [1]. These metrics are
designed to characterize the range and prevalence of model-induced variation in risk estimates
over similarly accurate models.

Let D = {(x;,y;)}i=, be a dataset with n observations, and let }?L,g(fR) denote the empirical
Rashomon set centered around a reference model fg, containing all models f such that their
empirical loss L(f) lies within an e-neighborhood of the loss of fg. The viable prediction range
for a data point x; is defined as the interval bounded by the minimum and maximum risk scores
assigned by models in the Rashomon set. Formally, this is given by:

V() = |min (f € Re(f)),max (f € Ree(f))] )

where f(x;) denotes the risk score predicted by the model f, for instance x;. The width of this
interval, |V, (x;)|, quantifies the degree of prediction variability attributable to model multiplicity.

To complement this local measure, the ambiguity quantifies the proportion of individuals in the
dataset whose predicted risk scores vary significantly across models. Let § € (0, 1) be a user-

116


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

defined threshold denoting what constitutes a meaningful difference in predicted risk. The (g, §)-
ambiguity of a reference model f5 is defined as:

n

1
Ase(fr D) = Ez 1[maxsep, (rp 1f () = fr(x)| 2 6], (2)

i=1

where 1[.] is the indicator function. This metric reflects the proportion of data points for which
there exists at least one competing model in the Rashomon set that produces a risk prediction
differing from the reference model by at least §. Ambiguity thus captures the prevalence of
significant prediction shifts due to model uncertainty.

3- Experiments

This section outlines the experimental setup used to evaluate the proposed framework. We first
describe the benchmark datasets selected for analysis, which span a wide range of sizes, feature
dimensionalities, and class imbalance ratios. Following this, we detail the experimental design,
including model training protocols and the construction of Rashomon sets using the H20 AutoML
[3]. This structured setup ensures consistency across experiments while enabling a comprehensive
analysis of predictive multiplicity in credit risk modeling.

3.1 Datasets

Table 1 provides an overview of ten widely used credit risk benchmark datasets. The datasets vary
significantly in size, ranging from small-scale datasets such as German credit with 1,000
observations, 21 variables to large-scale collections like Mortgage with over 620000
observations. The number of variables also differs widely, with datasets like Poland year3
and Poland year5 including 65 variables, while others, such as Give me credit and
CreditCard, contain fewer than 15. The imbalance ratio—defined as the proportion of the
majority to the minority class—spans a broad range, from 2.3 in German credit to over 40 in
the Mortgage dataset, reflecting the diversity in class distribution across these datasets.

Table 1. Summary of credit risk benchmark datasets

Dataset #Observations #Variables Imbalanced Ratio
CreditCard [12] 1,319 12 3.426
Bank marketing [13] 45,211 17 7.548
German_credit [14] 1,000 21 2.333
Give me credit [15] 251,503 11 13.961
HMEQ [16] 5,960 13 4.012
Loan_data [17] 1,225 15 2.792
Poland year3 10,503 65 20.218

117


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

Poland year5 5,910 65 13.414
Taiwan_credit [20] 30,000 24 3.520

The Imbalance Ratio refers to the ratio of majority to minority class observations in the
dataset, defined as Nyqjority — Mminority » Where Mg jority and Nypinoricy denote the number

of observations in the majority and minority classes, respectively. It is close to 1 means the
balance between the classes. As it increases, the imbalance between classes grows, causing
the minority class to be underrepresented.

3.2 Design

All experimental evaluations in this study are conducted using H20 AutoML [3]. This widely used
automated machine learning toolkit integrates various algorithms, including gradient boosting
machines, random forests, generalized linear models, and stacked ensembles. To construct the
Rashomon set R, we select models whose predictive performance lies within several tolerance
values, such as € = 0.05, 0.10, and 0.20 from the top-performing model identified by AutoML.
For each dataset in the benchmark collection, a standardized experimental configuration is applied:
the number of candidate models is constrained to max models = 20, and the total training time

is limited to max_runtime sec = 360.

4- Results

To assess the extent of model-induced uncertainty in individual risk predictions, we present two
complementary analyses. First, we examine the viable prediction ranges across datasets, which
quantify the variability in risk estimates assigned to each individual by different models within the
e-level set. Second, we evaluate the maximum deviation from the baseline prediction to
characterize (&, §)-ambiguity, measuring the proportion of individuals whose predicted risks differ
substantially across competing models.

Table 2. The Rashomon statistics of credit risk benchmark datasets

Model Set Rashomon Set Rashomon
Dataset ) . : Performance
Size Size Ratio
CreditCard 80 78 0.9750 0.9997
Bank marketing 76 72 0.9473 0.8847
German_credit 88 48 0.5454 0.7917
Give me_credit 64 52 0.8750 0.8602
HMEQ 70 44 0.6285 0.9705
Loan_data 82 14 0.1707 0.6807
Poland year3 68 32 0.4705 0.8805
Poland _year5 72 48 0.6667 0.9234
Taiwan_credit 68 64 0.9411 0.7865

Model set size: Total number of trained models in the model search space. Rashomon set size:
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Number of models within a specified performance tolerance € = 0.05. Rashomon ratio:
Fraction of models in the Rashomon set relative to the model set. Performance: AUC
performance metric of the reference (best-performing) model.

4.1 Prediction Range
The distribution of viable prediction ranges |V,(x;)| for individual observations is presented in

Figure 1. For each observation x;, the viable prediction range is defined as the interval between
the smallest and largest risk estimates assigned by any model in the e-level set.

CreditCard Bank marketing German_credit

0.75 1
0.504
0.25 1

Give me credit HMEQ Loan_data

Poland_year3 Poland_year5 Taiwan_credit

0.754
0.50+
0.254

25%  50%  75%  100¢ 25% 50% 75% 100 25%  50% 75%  100%
Percentile Rank of Observations

Figure 1. Prediction Ranges Across Datasets Based on Viable Prediction Range

The vertical axis in each panel represents the width of the viable range, while the horizontal axis
shows the percentile rank of observations, sorted by the width of their respective viable ranges.
The plots reveal substantial heterogeneity in the degree of predictive variability across datasets.
The German credit and CreditCard datasets exhibit the widest viable ranges for a large
portion of observations, suggesting that model choice significantly affects risk estimates for many
individuals. This 1s indicative of high predictive multiplicity and suggests that risk assessments are
not stable across similarly performing models.

In contrast, datasets such as Poland year3, Poland year5, and Give me credit
demonstrate narrow viable ranges for the majority of observations, implying that competing
models assign very similar risk estimates. These datasets thus exhibit relatively low levels of
model-induced uncertainty and support more robust individual-level predictions.
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Intermediate levels of prediction variability are observed for the HMEQ, Loan data, and
Taiwan credit datasets, where the viable range widens gradually across the observation
percentiles. This indicates a moderate level of model sensitivity, where only a subset of individuals
are subject to considerable prediction shifts due to model variation.

4.2 Maximum Deviation from the Baseline

Figure 2 presents the (¢, §)-ambiguity, illustrating the degree to which individual risk predictions
differ across models at the e-level set. For each dataset, the plot shows the maximum deviation
between the baseline risk estimate and those assigned by competing models for every observation.
Observations exceeding the predefined deviation threshold § = 0.20 are highlighted in yellow,
indicating conflicting predictions.
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Figure 2. Ambiguity Levels Across Datasets Based on Maximum Prediction Deviations

The ambiguity values vary substantially across datasets. The German credit dataset exhibits
the highest ambiguity at 77.6%, suggesting that over three-quarters of the individuals receive risk
predictions that deviate from the baseline by at least 20% under at least one competing model.
This reflects a high level of predictive instability and indicates that model selection has a
significant impact on outcomes. Similarly, the CreditCard and Bank marketing datasets
show considerable ambiguity, with 63.6% and 42.6% of the observations, respectively, subject to
conflicting risk estimates. These findings imply that predictions in these datasets are highly
sensitive to the choice of model within the e-level set.

In contrast, datasets such as Poland year3 and Poland year5 demonstrate relatively low
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ambiguity levels, at 7.3% and 12.4%, respectively. These results suggest greater consistency in
risk estimates across competing models and imply a higher level of reliability in the assigned
predictions. The Give me credit dataset also shows a moderate level of stability, with only
15.3% of observations falling into the ambiguous region. Other datasets, including HMEQ,
Loan data, and Taiwan credit, exhibit intermediate levels of ambiguity, ranging from
22.5% to 35.5%.

Overall, these results highlight substantial variation in predictive multiplicity across datasets. High
ambiguity levels indicate considerable uncertainty in model predictions, which can undermine
trust in automated risk assessment tools. Conversely, low ambiguity suggests that model outputs
are robust to reasonable changes in model specification. These findings underscore the importance
of evaluating ambiguity as a measure of predictive reliability, particularly in high-stakes decision-
making contexts where conflicting risk assessments can have significant consequences.

5- Conclusions

This study introduces a systematic framework to evaluate predictive multiplicity in credit risk
models by quantifying the extent of individual-level variation among similarly accurate classifiers.
Motivated by growing regulatory and ethical concerns surrounding automated decision-making in
financial services, we leverage the concept of the Rashomon set to investigate how different
models within a narrow performance margin may yield divergent risk estimates for the same
individuals.

To characterize this divergence, we employ two complementary measures. The viable prediction
range quantifies the variability in predicted risk scores across models, highlighting the potential
instability in outcomes depending on model choice. In parallel, the ambiguity metric captures the
prevalence of conflicting predictions by measuring the proportion of individuals for whom the risk
estimate deviates substantially from the baseline under at least one competing model. Together,
these measures provide a nuanced understanding of how predictive multiplicity manifests in
probabilistic classification.

Empirical evaluations across ten diverse credit risk datasets reveal considerable heterogeneity in
multiplicity. Certain datasets, such as German credit and CreditCard, exhibit high levels
of ambiguity and wide prediction ranges, suggesting that model choice can significantly affect
individual-level outcomes. In contrast, datasets like Poland year3 and Give me credit
demonstrate greater stability, with limited divergence among models. These findings underscore
the importance of dataset-specific evaluations of predictive multiplicity, especially when model
predictions serve as the basis for consequential decisions.

The implications of these results are twofold. First, they highlight the need for institutions to assess
not only the accuracy but also the consistency of model outputs when deploying Al systems in
regulated domains. Second, they motivate the development of model selection and auditing
strategies that account for multiplicity, aiming to ensure fair and reliable decision-making for
individuals. Future work may extend this framework to incorporate causal perspectives, explore
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mitigation strategies for high-multiplicity settings, and examine the interaction between
multiplicity and other dimensions of model performance, such as fairness and explainability.
Ultimately, addressing predictive multiplicity is essential for fostering trust in Al-driven credit
scoring systems and aligning them with evolving regulatory and ethical standards.
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Abstract

In this paper, our main objective is to analyze the presence and uniqueness of solutions for a g-
Caputo fractional problem combined with a g-integral boundary condition. Using some fixed-point
theorems, we get new theoretical results that contribute to the development of g-fractional calculus
theory. Moreover, we examine the stability of the solutions.

Keywords: g-calculus, Caputo fractional derivative, fixed point theorems, Ulam-Hyers stability

1- Introduction

Fractional calculus is an area of mathematical analysis that concerns derivatives and integrals of any real
or complex order. Therefore, fractional calculus can be considered as a generalization of classical calculus.
Fractional differential equation models have been applied in various fields of science and engineering, such
as electrical engineering [1], electrochemistry [2], plasma physics [3], and economics [4].

A significant body of research has addressed the existence of solutions to fractional differential equations.
Bai et al. [5] used the lower-upper solution approach to derive iterative solutions for fractional initial value
problems with non-monotone terms. Riaz and Zada [6] applied the topological degree and Laplace
transform methods to establish existence and uniqueness results. Gogoi et al. [7] employed fixed point
theory to prove the existence and uniqueness of positive solutions for a fractional dynamic equation with
an integral boundary condition on time scales.

The concept of Ulam-Hyers (UH) stability, which generally deals with the question of whether an exact
solution of a differential equation can be found within close distance to its approximate solution, was first
introduced by Ulam [8] and Hyers [9] in the twentieth century. Then, Obloza [10] showed that linear
differential equations are Ulam-Hyers stable.

On the other hand, researchers have increasingly applied the theory of g-calculus (or quantum calculus),
also known as calculus without limits, in several subfields of mathematics, including operator theory,
boundary value problems, and fractional differential equations (see [11-13]). One can find the fundamental
terms of g-calculus in the book by Kac and Cheung [14]. Lately, fractional-order equations have gained
attention, particularly within g-calculus. For instance, Ntouyas and Samei [15] explored the existence and
uniqueness of the results for a multi-term nonlinear g-integro differential equation utilizing some fixed-
point theorems. Houas et al. [16] proved the uniqueness of the solutions for a sequential fractional
pantograph g-differential equation.

Motivated by the studies mentioned above, this paper explores an equation model that incorporates q-
calculus theory with a Caputo fractional equation. In this context, we consider the nonlinear g-Caputo
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fractional equation (shortly the g-FBVP) as below:

‘prz(t)=2 (T,Z(T), CD};Z(T)) ,0<T<T,
T

z(T) = /,Lf z(s)dgs, u € RY, €Y
0
z(0) =0,

where 1<y <2, u#T 1(1+¢q), 0<qg<1, CD}; represent the Caputo-type fractional g-derivative

operator, and Z:J X R X R = R is a continuous function.

This article comprises of three sections. The second part contains the fundamental definitions from g-
calculus, as well as auxiliary lemmas. In the third part, we provide our principal results. Moreover, we
examine the stability of the solutions of equation (1) under appropriate conditions. Our findings offer novel
contributions to both g-fractional calculus and the fields of fixed-point theory and stability analysis.

2- Preliminaries
In this section, we present some profound definitions, auxiliary lemmas that are basic for our outcomes.

Definition 1. [14] The g-version of « is described by

Definition 3. [14] Let N = {1,2, ...} and q € (0,1). The g-like of (7 — s)Y is the polynomial

L ify =0
(=) = {(T ~ )@= 5q) (T —sq"™D), ify =1

Definition 4. [21] Denote the set of complex numbers by C. If y € C and y &€ N the g-shifted operation is
defined by

2 i
T—q's
—s)Y =¢Y _
(tT—58)g =7 | |T—q7+is'
i=0

for0<s<t.

Definition 5. [21] For y € C\ {Z U {0}}, the g-like of Gamma function [, (y) is as

L,M=A-r'a-pt,

where g € (0,1).
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The definition (5) implies that [; (1) = 1,T,(y + 1) = [y]qlq ().
Definition 6. [14] Consider an arbitrary function z(7). Its g-derivative is

z(qr) — z(1)

s =

where 7 # 0 and q € (0,1). If z(7) differentiable, then lirri Dqz(z) = z'(1).
q—)

Proposition 1. [14] For any integer y, the g-derivative of (t — s)g is given by
Dg(z - s)y (r— qs)y_l.

Definition 7. [17] For t € A and y # —1, —2, ..., the Riemann-Liouville fractional g-integral of order y, is
given by 19z(7) = z(7) and

17 z(7) = fr (r — qs)}'z(s)dys.

1
Iy W Jo

Definition 8. [18] Let n = [y] and z(7): (0, ) — R. The y-order Caputo type fractional g-derivative of
function z(7) is given by

1,7 z(1), <0
Do) ={ vy,
Iy "Dgz(t), y>0

where [y] denotes the ceiling of y, i.e., the least integer greater than or equal to y.

Also, the following relation is valid fory > 0
DY z(t) = f (t—qs)g " 'DPz(s)dys.

Definition 9. [19] Let y € R,n = [y] and z(7): (0, ©) — R. The y-order Riemann-Liouville type
fractional g-derivative of z(7) is defined by

Vz(1), y<0

1
CpYz(r) = { 4
a D;‘I; Yz(r), y>0

Additionally, for y > 0 the following equality holds:

CDYz(r) = e —)/) D”f (t—qs)g " “2(s)dgs.

Under certain conditions, the Riemann-Liouville fractional g-derivative and the Caputo fractional g-
derivative are related as follows [19, 21]
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D¥z(0)
4 Tq(k + D"

CDZ;Z(T) = Dgz(r) — Tk

wheret > 0,y > 0,n = [y].

Definition 10. [19] Assume y > 0 and z is defined in suitable domains. Then

22D 2(0) = 2(7) — z e +)" D¥2(a)

and if 0 < y < 1 then qIZZ(T)gDZZ(T) = z(t) — z(a).

Lemma 1. [20] For y € Rtand ¥ > —1, we have

_ [L+1) _
(t—zM)]=—21" 2 (71— z0+M)
(= 2] = o (e = 207)
By choosing z = 0 and y = 0, it yields
v
I
al1] I,(r +1)

3- Main Results

In this section, we evidence the existence and uniqueness of the solutions of the equation given by (1),
employing some fixed-point theorems. Also, we deal with Ulam Hyers stability and Ulam Hyers Rassias
stability results for the g-FBVP given by (1), respectively.

3.1 Existence Results
Let J show the interval [0, T], and C(J, R) = Q denote the Banach space of all continuous real functions
z:J >R
equipped with the norm

llz|| = sup|z(7)]
T€J

Let C4(7, R) be the space of continuous real-valued functions defined on J for which the first g-derivative
exists and is continuous.

Definition 11. A continuous function z € C(J, R) N C4(J, R) is a solution of the g-FBVP (1), if z
satisfies the equation CDZI/Z(‘L’) =2 (T, z(1), CDZZ(T)) for T € J together with the boundary condition.
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To achieve our results, we first give two auxiliary lemmas, which we will demonstrate below.

Lemma2.Let1 <y < 2andz € C(J,R) N Cq(J,R) for T € 7. In this case, the g-FBVP (1) has a
unique solution given by

T
z(7) :fo G(7,q5)Z(s,z(s), “DY z(s))dgs (2)

where G (7, gs) is the Green function defined by

S S L Gl DV G Ul D) S
B L) LL+DWr2-T(A+q) T,NWI*-TA+q)’
G(’l’, qs) - Y y—-1 (3)
pA+ (T —qs)g A+t —qs)g r<gs<T
Lo+ DWT? =T +q) T,NWI?-TA+q)’
In the following Lemma, we prove an inequality involving the Green function for the g-integral.
Lemma 3. G (7, gs) in (3) satisfies the inequality
T T]/—l
osf G(t,qs)|dgs L =———<=M" 4
| 16aldys < T @

foreveryt € J.

We now transform problem (1) into a fixed-point problem by defining an operator Y. Thus, by Lemma (2)
we describe an operator Y: () — Q as follows:

T

z(t) =Yz(r) = J;) G(x, qs)Z(s,z(s), CDgz(s))dqs 5)

The initial result is derived from Schaefer's Theorem.

Theorem 1. Let Y be defined as in (5). Furthermore, let Z be a continuous function and satisfy the
following conditions:

(S1) There exists two constants C;, C; > 0 such that

1Z(x,n,12) — Z(x, my, my)| < Crlng —my| + Calny, —my

for all (t,nq,n,),(r,my,my) €I X RXR.
(S2) There exists a function A € (), and two constants B > 0,0 < D < 1 such that

12 (7,11, n2)| < |A(D)] + Blng| + Dny|

forall (t,n,n,) EI X RXR.
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There exists at least one solution to problem (1) on J.

Theorem 2. Let (S1) and (S2) hold. If

cC-M*

<1
1-¢C

then, the problem (1) has a unique solution on J.
3.2 Stability

Let Z:7 > R be a continuous function and let 23 (7) = Z(7,2(1), CD}{ #(1)). Let €(J, R*)denote the set

of all continuous positive real-valued functions on J.

Definition 12. The equation (1) is UH stable if there exists a constant £, > 0 on the condition that for all
6 > 0 and for every Z € Q verifying

|€Djz(v) = Z2;(D)| < 6,7 €7 (6)
there is a z € (1 of the equation (1) with
|Z —zl|lq < Ez.6
We first establish Ulam Hyers stability.
Theorem 3. We suppose that the hypothesis (S1) holds and Z is a continuous function. If
TY - C; <Ta(y + DA —Cy), (7
then the g-FBVP (1) is Ulam Hyers stable.

Definition 13. The equation (1) is UHR stable with regard to ® € C(J, R*)if there is a constant £ > 0 on
the condition that for every § > 0 and for every Z € Q satisfying

| €DY2() — Z25(1)| < 6.@(7),7 €7 (8)
there is a z € (1 of the equation (1) with
IZ—zllo < €pz Pz(1) -6
Finally, we prove that the g-FBVP (1) is Ulam Hyers Rassias stable.

Theorem 4. We suppose that (S1), (7) holds and Z is a continuous function. Assume there exists E¢ > 0
such that

5
()

T
j (T —qs)y ™" D(s)dys < Eg - (1) (9)
0
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where ® € C(J, R*)is nondecreasing. Then the g-FBVP (1) is Ulam Hyers Rassias stable.
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Abstract

In this study, we investigate the perturbed pure-cubic nonlinear Schrédinger equation having
spatio-temporal dispersion. The pure-cubic form is a model commonly used in the literature that
indicates the third order nonlinear Schrodinger equation in the absence of the chromatic dispersion.
The model is one of the fundamental equations in nonlinear optics and mathematical physics and
important for the pure-cubic solitons, quantum mechanics and Bose-Einstein condensation. This
study includes its mathematical analysis, reducing the model into the nonlinear ordinary
differential equation, revealing optical solitons and extensive qualitative analysis which includes
phase portraits, chaotic behavior when external force is appeared, and sensitivity analysis. The
findings are supported via 2D-3D figures. Although one of the distinguishing points of the study
is that there has not been much work done in this direction in the literature regarding the model
examined in the article, it also has the potential to open new windows for researchers working in
this field in terms of studies that can be conducted by taking into account areas such as stochastic,
fractional, multi-soliton interaction of the examined model.

Keywords: Perturbed pure-cubic Schrddinger equation, qualitative analysis, phase portraits,
chaotic behavior

1- Introduction

The nonlinear Schrodinger equation (NLSE) is one of the most fundamental models in nonlinear
science and mathematical physics, widely used to describe the propagation of localized waves in
dispersive nonlinear media. In its classical form, the NLSE incorporates the effects of second-
order group velocity dispersion (GVD) and Kerr-type nonlinearity, which are sufficient for
modeling picosecond optical pulses [1,2]. However, when dealing with ultrashort pulses in the
femtosecond regime, higher-order dispersive effects become significant [3,4], and the classical
NLSE fails to provide accurate predictions. To address this, the third-order dispersive nonlinear
Schrodinger equation (TOD-NLSE) is introduced [5]:

i(ut (. t)+au, (x,6)+6|u(x,t) u, (x,t)) + B lu(x,t) [ u(x,t)+ou_(x,t)=0, (D)
where wu(x,t) denotes the complex wave envelope, o represents the second-order dispersion

coefficient, £ characterizes the Kerr-type nonlinearity, and & corresponds to the strength of third-
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order dispersion (TOD). The inclusion of the TOD term, iau_ (x,t), accounts for soliton fission

[6], soliton instability [7], and temporal pulse distortions that cannot be captured by the standard
NLSE [8]. In this paper, we investigate the perturbed pure-cubic nonlinear Schrodinger equation
having spatio-temporal dispersion in the absence of group-velocity dispersion as follows [9,10]:

i(ut (x,t)+ aum(x,t)) +yu (x,t)+ S lu(x,z) \2 u(x,t)

. ) ) @)
=i (7, (0, 0) = A (e, ) F (6, 0) = pa( (e, ) ), u(x, 1)) = 0,

where y represents spatio-temporal dispersion, A, u are for nonlinearity terms and 7 is for inter-

modal dispersion. Some studies investigate the TOD-NLSE as follows: Chaotic behavior and
stability analysis of pure-cubic NLSE having full nonlinearity [26], dynamics of solitons and
quasi-solitons [11], Painlevé analysis and optical solitons of higher-order NLSE having TOD [12],
dark soliton solutions of NLSE having TOD, self-steepening and self-frequency shift [13], soliton
dynamics and the stability of the model [14], influences of TOD and GVD in dark soliton control
[10], stability analysis of generalized TOD-NLSE [15], Painlev¢ analysis of resonant TOD-NLSE
[16], dynamics of the wave packets of TOD-NLSE [17] and optical solitons of TOD-NLSE in a
non-Kerr law media [18], etc.

In this study, we aim to reveal optical soliton solutions of the model in eq. (2) by using modified
new Kudryashov method [19]. On the other hand, we studied the qualitative analysis for the model
including phase portraits, observation of chaotic behavior and stability analysis. Readers can refer
to the qualitative analysis for more detailed information [20-22,26].

The organization scheme of this study is as follows: Section 2 includes reducing the NLSE into
the nonlinear ordinary equation (NODE) form. Section 3 contains the application of the method
on the model and revealing the bright soliton solution. Section 4 includes the qualitative analysis
part of the study and contains revealing phase portraits, observing chaotic behavior and the
sensitivity analysis. Section 5 includes 3D and 2D figures for the obtained results. Lastly, Section
6 includes conclusive part of the study.

2- Mathematical Analysis

In this section, we reduce the nonlinear partial differential equation (NLPDE) form to the NODE
form. Let we apply the following wave transformation to the model in eq. (2):

u(x,t) =U(n)e’, n(x,t) =kx—vt, O(x,t) = ox+ ot +y,. (3)

Here, k,v,0,0,y, denote wave width associated with envelope motion, velocity, wave number,

frequency and phase constant. After substitution, we get real and imaginary parts, respectively:

(-oA+pB)U’ +(J3a +(—yo+ r)a—a))U+k(—3aka+7/v)U” =0 4)

k(ﬂ,+2,u)U'U(§)2 +((—3a02 +7/a)—2')k+v(7/0'+1))U' +kaU” =0. (5)
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Integrating once the imaginary part in eq. (5) w.r.t. and assuming the integration constant as zero
n gives the following:

k(A+2p)U° +3((-3a0” + yo—7)k+v(yo+1))U+3k'aU" =0. 6)

From the structure obtained by proportioning the terms of the same degree in eqgs. (4) and (6), the
following constraint conditions are obtained:

B 3ak(2,u0'+ﬁ)
T (2w
2ake’ (44 — 1) —36” Bafk + yAv) + 2ykac (1 — ) + 3By (ko + ov) + koA + 2u) + 3v(B — Ac)
- k(240 +2uc +3p) '

(7

T

Lastly, the homogeneous balance rule in eq. (4) between the terms U’and U" gives N =1, which
N comes to mean the positive integer balancing constant in eq. (8).

3- Methodology and Application

This section introduces the algorithm of the modified new Kudryashov method and its application
on the model. Firstly, we suppose that the following is the solution of eq. (4) in a series form:

U(n) =D kR(1), K %0, (8)

i=0

where N is the homogeneous balancing constant and «; are real coefficients to be calculated later.

Also, R(n) fulfills the following relation:

d’;_;”) = RO (1- 2RO In(K), ©)

where y, K are arbitrary constants and K #1. Also, R(7)1s as follows:

4L
R(&) = , 10
©) AK" + yK™" (10
where L is real constant. Remembering that N=1, eq. (8) is formed as follows:
U(n) =K, +KR(@), K #0. (11)

Substitute the Eq. (11) into the Eq. (4) by considering Eq. (9) and collect the coefficients of
R(n)i ,i=(0,1,2,3) and equate these coefficients to the zero gives an algebraic system. Solving the

system gives the following solution set:
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2(7/((/1—/1)0'+32ﬂjk2 ln(K)2+O'(O'((,u—ﬂ)a+32ﬂj}/+3,ua+32ﬂna

“" y(A+2u) L2

_ =\/a/(i+2,u);(aln(K)k

K, =0,x
A+2u

Substituting Eq. (12) into the Eq. (11) by considering Egs. (3) and (9), gives the following solution:

1/6 A+2 In(K )k ,
ul(x,t)( ( + ,U)}(a n( ) 4L Jez(o—x+wt+v/o)’ (13)

A+2u AL K* 4y KR

where @ is placed in eq. (12) according to the save place.

4- Qualitative Analysis

In this section, we convert the NODE in Eq. (4) into a planar system to reveal phase portraits and
add the external force to investigate chaotic behavior and study the sensitivity analysis.

4.1 Phase portraits
Consider the NODE in Eq. (4):
AU(nY +AU(n)+AU" =0, (14)
where

A =(-Aoc+p), 4, =(o-3a+(—7a)+f)0'—a)), A, =(Bako +yv)k. (15)

Let us multiply the Eq. (14) with U and integrate once w.r.t 7 and convert the NODE to the

planar system as follows:

© ) =), V) —
o =vn). Sovin) == AT AT o

We found the following equilibrium points of the planar system in Eq. (16):

P] :(0,0)a })2 (# 0}9 P3 :(_ _A1A2 30] (17)

b Al

1

Jacobian matrix of the system in Eq. (16) is as follows;
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0 1
JUI)=| 3404, | (18)
A3 A3

We substitute the critical point into the determinant of Jacobian matrix in Eq. (18), we get the
followings;

—2A4 —24
2, JUY), =—=. (19)

JU, V)|R _A J(U, V)|P2 = y
3 3

4,
According to the [23], the sign of the J(U,V) marks the type of the critical point. We can determine

the types of critical points for the different cases of 4, as follows:

Table 1. Types of critical point according to the sign of 4,, 4, and A4,

o | 1, | Tpel, | Topel, | Tipel,

Casel 1 1 1 (0,00 | NA NA 1 NA | NA | Center NA NA
Case2 | -1 1 1 | (0,0) | LO) | (1,0) 1 2 2 Center | Saddle | Saddle
1
1

Case3 1 -1 0,0) | (1,0) | (-1,0) | -1 2 2 Saddle | Center | Center
Cased | -1 | -1 (0,0) | NA NA -1 | NA | NA | Saddle NA NA
Case5 1 1 | -1 ](0,0) | NA NA -1 | NA | NA | Saddle NA NA
Case6 | -1 1 | -1 10,0 | CLO | (1,0) -1 2 2 Saddle | Center | Center
Case7 1 -1 | -1 ](0,0) | (1,0) | (-1,0) 1 -2 -2 Center | Saddle | Saddle
Case8 | -1 | -1 | -1 | (0,0) | NA NA 1 NA | NA | Center NA NA

4.2 Chaotic behavior

To observe chaotic behavior of the system, there should be an external force in the system as
follows:

d d AU(n)  4U
L v v v) -2, @)

where F(n) is an external force and can be F(77) =cos(A;n7) and is called cosine function [24] or

—(n-m)°

F(n)= e 20 and is called Gaussian function [25]. Here, A4,, 4; denote amplitude of the
o227

force and frequency of the force. In addition, ©,7, represent the width and the center of the

perturbation.
4.3 Sensitivity analysis

Sensitivity analysis plays a crucial role in identifying the parameters that significantly affect the
numerical behavior of the model. To carry out this analysis, we first obtain the numerical solution
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of the system by employing the Runge—Kutta method. During the solution procedure, two nearby
initial values are provided in order to observe the divergence or convergence of the trajectories.
Subsequently, the influence of the external force parameter on the solutions is examined and
illustrated graphically, allowing us to assess its impact on the system dynamics.

5- Result and Discussion

Figure 1 represents illustrations of the solution u,(x,?) in eq. (13). Figures la and 1¢ show 3D view
of |u,(x,t)|" and imaginary part of u(x,7), respectively. These figures are obtained with
K=5L=y=2a=13,1=12,u=09806=0.67,=y=Lk=-1 and y,=0, values.
According to Fig. 1a, the solution exhibits the bright soliton from. Lastly, Fig. 1b shows 2D views
of modulus square, real and imaginary parts of u,(x,?) in Eq. (13) with red, purple and blue colors,

respectively. The figure has three colors with two different styled waves. The solid is for # =0 and
the dashed is for # =1 values. The soliton travels through negative-x axis due time can be said by
using the Fig. 1b.

S(w (z, 1))

uy (x,t))?

v ; r

a) |u,(x,t)[* in 3D b) Parts of ©,(x,t) in 2D ¢) Imaginary part of u, (x,?)

Figure 1. Various illustrations of u,(x,?) in Eq. (13).

Figure 2 shows the phase portraits of the system in eq. (16). The system has eight different cases
according to the signs of 4, 4,, 4, as seen in Table 1. Figures 2a to 2d show the Cases 1-4 in Table

1. Case 1 has only one equilibrium point such as center. Case 2 has three equilibrium points such
as two centers and a saddle point. Case 3 has three equilibrium points such as two saddle and a
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center point. Lastly, Case 4 has only one equilibrium points such as a saddle. These cases are stated
in Table 1 and shown in Figure 2.

b) Case 2 d) Case 4

Figure 2. Phase portraits of cases in Table 1

Figure 3 represents the phase portraits of the Cases 5-8 as stated in Table 1. Figure 3a shows the
Case 5 having only one equilibrium point such as a saddle. Figure 3b illustrates the Case 6 having
three equilibrium points such as two centers and a saddle. Figure 3¢ depicts the Case 7 having
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three equilibrium points such as two saddle and a center. Lastly, fig. 3d shows the Case 8 having
only a center typed equilibrium point.

b) Case 6 d) Case 8

Figure 3. Phase portraits of cases in Table 1

Figure 4 shows the chaotic behavior of the system in eq. (20) with considering the Case 1 in Table
1. Firstly, figs. 4a and 4b show the behavior of the system in eq. (20) having external cosine

function with frequency of the force 4; =0.3 and A4, =0.6, respectively. According to these
figures, when A4, is increased the orbits are getting decay and the chaotic behavior is observed.

Secondly, figs. 4c and 4d show the chaotic behavior observation of the system in eq. (20) having
Gaussian external force with o =2.2 and 4.2 values, respectively. Here, o denotes the width of
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the perturbation. When o is increased, orbits are become disorganized and the chaotic behavior
is observed as seen in figs. 4c and 4d.

Figure 4. Chaotic behavior of Case 1 in Table 1

Figure 5 represents the chaotic behavior of the system in eq. (20) by considering the Case 3 in
Table 1. Figures 5a and 5b show the system with cosine external force. Also, the frequency of the

perturbation parameter is considered as 4; =0.3,0.6, respectively. On the other hand, figs. 5¢ and

5d show the system having Gaussian external force with o =2.2 and 4.2, respectively. It can be
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deduced that the 4; and o affects the system such as when these are increased then the orbits are

getting disturbed and the chaotic behavior is observed as seen in Fig. 5.

b) 4,=0.6 d) o =42

Figure 5. Chaotic behavior of Case 3 in Table 1

Figure 6 denotes the sensitivity analysis of the system in eq. (20) having cosine force by
considering the Case 3 in Table 1. The figures show the effect of the A; parameter on the solution.
All figures have two solutions and these solutions are obtained with two different initial values
such as (U(0)=0,/(0)=0.15) and (U(0)=0,/(0)=0.16) . These solutions are represented via
solid pink and dashed blue styles, respectively. Figures 6a to 6d show the solutions with
4. =0,0.8,1.2,1.6 values, respectively. According to Fig. 6a, there is no external force and two

solutions almost overlap. Figure 6b shows the solutions having external force and the solution
begins to become uneven and appears to be non-overlapping in very few places. Figure 6¢ shows

the solution shape changes and seems to be non-overlapping in some places when 4, =1.2. Lastly,

fig. 6d shows the distortion in the shape of the solution and clearly shows that the two initial values
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do not overlap. Owing to these figures, it can be deduced that the system is sensitive according to
the A, frequency of the force parameter.

—— U(0)=0, V(0)=0.15
|= = U©=0,v(0:0.16

U(0)=0, V(0)=0.15

= = U(0)=0, V(0)=0.16

20 25 30

¢) 4,=08,4,=12

—— (00, V(0)=0.15
= = U(0)=0, V{0)}=0.16

—— U(0}=0, V(0)=0.15
= = U(0F0, V(0)-0.16

Ny Al

1
\
1
\
1
1
1
1
\l

-3
20 25 30

b) 4, =4, =038 d) 4,=0.8,4,=1.6

Figure 6. Sensitivity analysis of Case 3 with cosine external force in Table 1

6- Conclusion

In this study, we investigated the perturbed pure-cubic nonlinear Schrodinger equation having
spatio-temporal dispersion in the absence of group-velocity dispersion. The equation has an
important place for the optics because of having the third-order dispersion term such as pure-cubic.
The study includes the reducing to the NODE form of the model and application of the modified
new Kudryashov method. Also, we included the qualitative analysis for the model such as
revealing phase portraits, observing chaotic behavior by considering two different external forces
and the sensitivity analysis. After all implementation, we obtained bright soliton solution of the
model, eight different phase portrait cases, chaotic behaviors in case of having cosine and
Gaussian functions and lastly, sensitivity analysis of the model having cosine force. All findings
are interpreted via 3D and 2D plots. To the authors' knowledge, this model has not been previously
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studied using the modified new Kudryashov method, nor has a qualitative analysis of the model
been conducted. Therefore, these findings are expected to add novelty to the literature. Stochastic
forms may be considered for potential future studies.
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Abstract

Differential equations come upon applications in various fields of engineering and science,
including fluid dynamics, wave propagation, random motion theory, hydrodynamics, thermal
motion, electromagnetics, and materials science. The hyperbolic form of partial differential
equations was developed to evaluate engineering and physical science models that often-included
physical rules such as Newton’s law of balance of forces. Methods for overcoming these
challenges have been developed in recent years, there are many methods for solving hyperbolic
partial differential equations. In this paper, we study the Timoshenko equation with time delay.
We prove the lower bound of the blow-up time for the Timoshenko equation. These results
generalize and improve some earlier related results in the literature.

Keywords: Blow up, Timoshenko equation, time delay

1- Introduction

In this paper, we deal with the Timoshenko equation with time delay and initial-boundary
conditions

( g A u-M||Vull? ) Aurtpe, |,
+,Lt2|u[(x,l-‘[)|r'1u[(x,t-r) :lulp_lu: (x:t)EQT,
1 U(X,O)ZMO(X), ut(xso):ul(x)s XEQ, (1)

u,(x,t-0)= f (x,t-1), x€Q,1€(0,7),

Oou
\ u= 5 —0,

where QcR" (n >1) is a bounded domain with smooth boundary 0Q, Q;=Qx(0,7), the nonlinear
term M(s) is defined by

M(s)=1+ps7, y>0, >0, s>0, (2)
and the exponent p of the source term satisfies
1<r<p, 1<2yH1<p<oon<d; 1 <2pHl<p<s 125, 3)

Numerous physical systems exhibit non-local behaviors, where the future state depends on past
states. In the eighteenth century, the first equations with delay were considered by brothers
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Leonard Euler and Bernoulli. By A. Myshkis and R. Bellman, systematical study started at the
1940s. Since 1960, there have been appeared many surveys on the subject. In the middle of 1990s,
robust control of systems with uncertain delay was started and led to the "delay bloom” in the
beginning of the twenty-first century. Time-delay often seems in many control systems, either in
the state, the control input, or the measurements. There can be measurement, transport or
communication delays. Control systems often operate in the presence of delays, primarily due to
the time it takes to acquire the information needed for decision-making, to create control decisions,
and to execute these decisions. Sensors, actuators and field networks that are involved in feedback
loops usually introduce delays. Delays are strongly involved in challenging areas of information
technologies and communication: stability of highspeed communication networks or networked
control systems (Richard [13], 2003; Fridman [5], 2014).

Up till now, there are so many results about partial differential equations with time delay effects.
Our main objective in the present work is to study the Timoshenko equation with the delay term
+u2Iut(x,t-rlr'lut(x,t-r) which make the problem different from those considered in the literature.
The equation we deal with is very general equation:

e The Timoshenko equation is among the famous wave equation’s model which describe
extensible beam theory. It has been introduced in 1921 by Timoshenko [15]. For detailed
information on derivation the equation, see [3, 12].

e Time delays often appear in many practical problems such as thermal, biological, economic
phenomena, chemical, physical and can be a source of instability [1,7].

From the mathematical point of view, these properties have theoretical and practical
importance. As we know, there has been published much work concerning the wave equation with
constant delay or time-varying delay effects for different mathematical behavior, studies in recent
years.

Datko et al. [2], indicated that a small delay in a boundary control is a source of instability. In [9],
Nicaise and Pignotti studied the equation as follows

u-Autagu,(x,t)+au,(x,t-t)=0,

where a(, a are positive real parameters. They obtained that, under the condition 0<a<q,, the
system is exponentially stable. In the case a>q, , they obtained a sequence of delays that shows
the solution is instable. In [16], Xu et al. obtained the same result similar to the [9] for the one
space dimension by adopting the spectral analysis approach. In [10], Nicaise et al. studied the wave
equation in one space dimension in the case of time-varying delay. In that work, they showed that
an exponential stability result under the condition

a<vl-da,

where d is a constant such that

T'(1)<d<1, Vt>0.

147


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

In [8], Messaoudi studied the Petrovsky equation as follows
A g (u)=plul ™, ©)

where g(u, )=o/u,/'u, and he investigated the blow-up result in finite time for r > p. In [17], for
when g(u,)=o/u,/'u, Tsai and Wu looked into that the solution is global for equation (4).
Moreover, they established the blow-up result in finite time for the nonnegative initial energy.

In [21], Yiiksekkaya and Pigkin investigated the delayed Timoshenko equation as follows

{“tt+A2”'M(||V”||2)A“'A“t+#1 |ut|M(X)-2ut 5)

oty |, G t-0) 10020, (e, t-2)=b | u [P,

They proved blow-up and decay of solutions with variable exponents. In recent years, some other
authors investigated the related equations (see [4,11,18,19,22,23,24]).

Our main aim in this paper is to establish the lower bound of the blow-up time for the equation

(1). There is no research, to our best knowledge, related to the Timoshenko equation with delay

|r-1

term (+u, [u, (x,t-2) | u,(x,t-7)), therefore, our paper improves the previous studies.

The outline of this paper is as follows: In Section 2, we state some assumptions and the
transformation. In Section 3, we prove the lower bound of the blow-up time.

2- Preliminaries

In this part, we give some assumptions and the transformation. We show some notations,
functionals and partial results given in [20]. Assume [|.||, indicate the norm in Z”(Q) and (.,.) show

the inner product in L*(€). We show the following notations

ou

H={ueH’ (QUNH,(Q)/ 5:=0 on 0Q}, Ilullz=IIVull >+ Aull*.

We indicate by C or C; a generic constant that may vary from line to line even in the same formula.
Denoting by /;the first eigenvalue of the bi-harmonic operator with boundary condition

Ul o= % |,0=0, then we have the following inequalities [6]

2 lulP<ll Aull, 2,3 1VulP<Aull, VueH, (6)
Similar to [9], we introduce a new function
z(x, k, t)=u, (x, t-tk ), x€Q, k€ (0,1 ).
Hence, we see that z satisfies

wz,(x, k, )z, (x, k, t)=0, x€Q, ke (0,1).
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Therefore, the system (1) becomes the form

( g A u-M (||Vull®) Autpe |y,
1 (e, 1) 2Ge L=l u, () €EQy,
wz,(x,k,0) +z; (6, k,0)=0, in Qx(0,1)x(0,7),
\ 2(x,0,0=u,(x,0) in Qx(0,7),
z(x, k,0)=f, (x,-tk), x€Q
u(x,0)= ug(x), u,(x,0)=u;(x), XEQ.

\

We give the following potential functional and Nehari functional as follow:

1 1
J@)=3 1Vull® + S l|Aull*+ 52— | Vul >

2( +1)

1 1 +1
= Jo Jy 127 (ks )] didx-— flull)

1G)=INulP+ IS lfAB IR fy Sy 7 (x, k. ) dkd - Il

We define the energy functional for problem (7) as following

E@=5 P+ 5 INufP+3 b )P+ [u P2

2(+1)

f f |zr+1(xkt)|dkdx-—||u||§i}

r+1
1
_ 24 24 1AL ( > 2042
> Mul 2(erl)(IIVuII [l Aul)+ 20D i BlIVul|
- 1

(G0l &y 7 Gk o dikder 1),

Hence, we infer that

B0 (- gy ) Wl g2 [ ! Gl
Uz ) (+1) 1 »

<-Cp( Nu I+ J |2
(x, 1,t)|dx)§0,

here, we choose (,u < ) >0 and ( e )>0.

17 2(+1) 41 (r+1)  r+l

From I(u), we give the stable set

W={ueH\I (u)>0 U {0} and the unstable set V=§ue\I(u)<0/, respectively.

(7

(8)

©)

(10)

(an
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The depth of the potential well is defined by d=inf, _,J (w)=inf J(Au),

EH\ 05UP 1>

where N is the Nehari manifold N={u€H\ {0 }I(u)=0}.

p-1 1 p1
It follows by Lemma 2.3 in [20] that d= 2o (o }’ ,

where C is the best embedding constant from H into P! (Q), that is
lleell i1 <Cllul| - (12)

We, now state the following lemma:

p-1

Lemma 1. Let J(u)<d, then I(1)<O0 if and only if ||u|| ;/>A=C 71 .

p-1

Proof. If ||u|| ;>/==C7"1 (8), (9) and the definition of d satisfy that

S 5o TP+ s+ (5 Jo Tl

2(+])

2
+ p-1 1 j_ p-1 2
/r+1 p+] ///Z (x ks)/dkdx+ 7/ W=d= 2@+1} Cp+1/p 270

Therefore, we can get /(1)<0 from the fact p>2y+1 and £>0.

Moreover, supposing that (1)<0, we obtain ||u||2+8]|Vu|| > D<||u ||p <Cp+1|| ||‘U+1

ey
which implies that ||u||;>C r*1=k«. Hence, the proof is completed. To achieve our main result,
firstly, we give some results proved in [20] which will be used later.

Theorem 2. ([20] Local existence) Suppose uy(x)EH and u;(x)EH}(Q). Hence, problem (7) has a
unique local solution u=u(x,f)eC(/0,T].H) satisfying u,€C([0,T];Hb())NL™'([0,T],L" (Q)) for
some 7>0. Combining Theorem 4.3 and Theorem 5.3 in [20], the global nonexistence when E(0)<d
can be stated as follows:

Theorem 3. ([20] Global nonexistence when E(0)<d) Assume uy(x)€H and u; (x) EH(I)(Q) given

functions. Suppose that £(0)<d and uy€V. Therefore, the solution u to the problem (7) blows up
in finite time.

Theorem 4. ([20] Global nonexistence when E(0)>d and r=1). Assume that uy(x)EH

andu, (x)EH ,(@)hold. Suppose that E(0)>0, I (g )- ffuo /<0 and |[Vug >+ |lol1*+2 (ueg,1e1)> i;pr){)

where &=min{1,C} and C is the best embedding constant from H into H, (). Hence, the solution

u to the problem (7) with r =1 blows up in finite time.
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3- Lower Bound of the Blow-up Time

In this part, we will establish the lower bounds of the blow-up time.

Theorem 5. Assume that (2) and (3) hold. Suppose the initial data uy(x)EH and u,(x)EHY(Q)
satisfies one of the following conditions

() E(0)<0;
(if) 0 <E(0)<5 [,y uo tdx .

where B is a positive constant given in (15). Hence, the solution (u,z) to problem (7) blows up in
finite time.

Proof. (i) The blow-up result for the case E(0)<0 is a direct conclusion of Theorem 3. E(0)<0
and (10) satisfies that /(4 )<0, i.e. ug€V.

(ii) Firstly, we suppose that the energy E(0)>0 for all t€[0,7},). On the other hand, there exist a
t,€[0,T,,) such that E(#,)<0, taking #, as the initial time, from case (i), we get that u(t) blows up
in finite time, which is a contradiction. We divide the proof of (ii) into two steps as follows:

Step 1. Firstly, we show the following claim which is motivated by [14].

Assume that uy(x)€H and u;(x)EHy(Q) holds, and (,z) is a weak solution to the problem (7). We
infer that there exist positive canstants A and B,

% (fQ uu,dx -BE (t)) >A ( ) o Hdx -BE(t)) for all t€[0,T,,,). (13)

Step 2. From contradiction, we assume that (u,z) is a global solution to the problem (7). By (15)
and Gronwall’s inequality, we get

fQ uu, dx-BE(1)> (fQ Ugl dx-BE(O)) >0 for £0, (14)

where the assumption 05E(0)<é fQ uyu; dx 1s used. Moreover, by Holder’s inequality, we have

t t Lo 4 . .
lelly=|ug+ Mt(f)a’fllzﬁlluollz+ Jllt @ lade<llugll+ QPP (EQO))~1,  which  is  a
contradiction with for ¢ sufficiently large. We use the assumption (u,z) is a global solution for the
problem (7) and E(#)>0. Therefore, 7,,< and (u,z) blows up in finite time. Hence, the proof is
completed.

Theorem 6. Assume that wuoEH, u; EHY(Q) and 1<p<nnf4 (n>5) hold. Suppose that (u,z) be the
solution to the problem (7), which blows up at a finite time 7, hence the lower bound for the blow

up time 7 can be given by 7,,> dy here F(0)=[luy //ﬁii , K, and K, are defined by (17).

f+oo 1
— YF(0) Ky +y+Ko)P
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Proof. Utilizing (10) and (11) that £(#)<E (0 )=w

1 2,1 2,1 2,8 2942

- +- +- + U
and [l |12+ 5 1Vl +5 [l Aull+ 325 (1 Val
&

1
1

r+1 ptl

— fg fO 27 Codes) | ke = Tl

1 1
SE@ - lullyy

L pt+l
<ot lull,; - (15)

We now, show by F()=/lu/, p:}. Note 1<p§n"f4 , suppose that Bs be the best embedding constant

H(Q)oL?, therefore by using Young’s inequality and (15), we

- ] 1 1 1 BY

obtain (1) =(p+1) [ u unns (1) (5l 1P+ lull32 ) <(o+ 1) (m+pTlF(t)+ - ||Au||21’)
<(pt1) | o+ : F(t)+sz 2w+ 2 F(?) !
<prD{ot 5 2 \“%

1 e 2 .
<(p+1) | w+—F()+B¥2"* | Qo)+ —F ()

ptl ptl
=K\ +F(O)+KF (1), (16)
where

K\ =(p+1)(@+B¥ 2" ((2w)") and K,=BF 2% (p+1)7. (17)

1

. o +o0
Note that [E%||u||p+1 =+o0, we get by (16) that 7,,> fF(O) Wdy.

Therefore, the proof is completed.

4- Conclusion

Recently, there have been published many works related to wave equations with different state of
time delay. However, to the best of our knowledge, there were no lower bound of the blow-up time
for the Timoshenko equation with time delay and source terms. We have obtained the lower bound
of the blow-up time for the equation, under sufficient conditions.
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Abstract

This study introduces the Supplier Decision Optimization Method with Synthetic Evaluation
(SDOMSE)—an innovative hybrid MCDA framework developed to enhance supplier evaluation
and selection in volatile and complex business settings. SDOMSE effectively merges quantitative
performance data with qualitative expert assessments, applying a simplified weighting mechanism
based on AHP or SMART methodologies. It incorporates adaptive normalization procedures and
a novel robustness factor that reflects suppliers’ historical resilience and risk management
capabilities. Designed for flexibility, the method accommodates iterative refinements and enables
robust sensitivity analyses using Monte Carlo simulations or local perturbation methods. Its broad
applicability spans multiple industries, including manufacturing, healthcare, information
technology, and agriculture. The paper details the theoretical foundations, methodological
components, and provides a comparative evaluation of SDOMSE alongside conventional MCDA
and procurement models.

Keywords: Supplier evaluation, multi-criteria decision analysis, supply chain management,
robustness factor, decision support systems

1- Introduction

1.1 Background and Motivation

Supplier evaluation and selection are fundamental to strategic supply chain management,
significantly impacting organizational performance, risk reduction, and competitive advantage. In
today’s business world, which is marked by unprecedented volatility caused by geopolitical
tensions, climate disruptions, pandemics, and rapid technological changes, the flaws in traditional
supplier evaluation methods are becoming more and more clear.

1.1.1 Evolution of Supplier Evaluation Paradigms

The trajectory of supplier evaluation methodologies has evolved from simplistic cost-based
assessments to sophisticated multi-dimensional frameworks. Traditional approaches, including
the Analytic Hierarchy Process (AHP) [18], Technique for Order Preference by Similarity to Ideal
Solution (TOPSIS) [13], Data Envelopment Analysis (DEA) [2], and Total Cost of Ownership
(TCO) [7], have provided valuable foundations for decision-making. However, these methods
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frequently encounter limitations in addressing the complex, dynamic nature of modern supply
chains, particularly in integrating qualitative judgments with quantitative metrics and accounting
for supply chain resilience.

In the past, evaluating suppliers mostly looked at operational factors like cost, quality, and
delivery performance. Simpson et al. [21] found that fewer than half of companies had formal
processes for evaluating suppliers. Quality and basic operational factors were the most important
things that were used to judge suppliers. This limited focus was not enough to deal with the
many problems that come up in managing a global supply chain.

1.1.2 The Sustainability Imperative

The 21st century witnessed a paradigm shift toward sustainable supply chain management, with
environmental, social, and governance (ESG) considerations becoming integral to supplier
evaluation. Khan et al. [14] demonstrated that quality, cleaner technology implementation, and
information disclosure emerged as critical criteria for supplier sustainability performance
evaluation. This sustainability focus was further reinforced by Giannakis et al. [8], who utilized
the Analytic Network Process (ANP) to evaluate supplier sustainability performance,
emphasizing the pivotal role of socio-economic metrics.

The integration of sustainability dimensions has expanded to encompass comprehensive frame-
works. Holmes et al. [11] developed a multi-criteria decision framework integrating
environmental, social, and economic dimensions through AHP methodology, notably
highlighting the significance of social sustainability criteria related to human rights and child
labor. Similarly, Okay et al. [15] advanced the field through a 91-indicator sustainability
assessment framework that enhances transparency and accountability in global supply chains.

1.1.3 Resilience and Risk Management Considerations

Recent global disruptions have underscored the critical importance of supply chain resilience
and risk management in supplier evaluation. Tay et al. [22] addressed this imperative through a
comprehensive framework for humanitarian supply chains, balancing economic, resilient, social,
and environmental aspects. Their research emphasized the necessity of structured evaluation
processes in volatile environments, particularly for organizations operating in crisis contexts.

The resilience theme is further elaborated by Onukwulu et al. [16], who advocated for dynamic,
data-driven approaches incorporating artificial intelligence, machine learning, and blockchain
technologies to enhance supply chain performance and sustainability. This perspective aligns
with the evolving understanding that supplier evaluation must extend beyond static assessments to
incorporate dynamic risk profiling and resilience capabilities.

1.1.4 Methodological Advancements and Integration

Sophisticated computational methods that deal with uncertainty and complexity have made the
methodological landscape of supplier evaluation richer. Fuzzy methodologies, initially developed
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by Chen et al. [3] to address uncertainties in quality, price, flexibility, and delivery performance,
have progressed into more sophisticated formulations. Giri et al. [9] enhanced Pythagorean
fuzzy DEMATEL methods to manage uncertain information and elucidate interrelationships
among criteria, whereas Rudnik et al. [17] introduced an ordered fuzzy decision-making system
that simplifies complexity while facilitating the incorporation of sustainability and ESG criteria.
Integrated frameworks represent another significant advancement. Sarigam and Yilmaz [19]
combined DEA, AHP, and TOPSIS for apparel retail, demonstrating that balanced performance
across criteria yields superior outcomes compared to single-dimensional focus. Altubaishe and
Desai [1] integrated FMEA with hybrid AHP-PROMETHEE algorithms for risk-based supplier
selection, and Govindan et al. [10] developed a three-phase model using Best-Worst Method
and TODIM for sustainable collaboration, incorporating both desirability and potentiality metrics.

1.1.5 Performance Measurement and Relationship Management

The development of supplier evaluation has included more advanced methods for measuring per-
formance and managing relationships. Hudnurkar and Ambekar [12] devised extensive supplier
satisfaction indices, whereas Dey et al. [6] illustrated through case studies that improved supplier
performance directly influences operational and business results. Structured methodologies put
forth by Chen [4] and Cheshmberah [5] underscored thorough attribute and performance
assessment, while Segura and Maroto [20] enhanced supplier segmentation through outranking
and value function techniques.

1.1.6 Persisting Challenges and Research Gaps

Despite these advancements, significant challenges persist in supplier evaluation:

* Integration Complexity: Most existing frameworks excel in specific dimensions but struggle
with holistic integration of quantitative metrics, qualitative judgments, and risk considerations

* Dynamic Adaptation: Traditional methods often lack mechanisms for continuous updates and
adaptation to evolving business environments and supply chain disruptions

* Implementation Practicality: Sophisticated methodologies frequently encounter
implementation barriers in operational contexts, particularly for small-to-medium enterprises

* Resilience Quantification: Limited approaches exist for systematically quantifying and
incorporating supply chain resilience and robustness factors into evaluation frameworks

» Stakeholder Alignment: Challenges remain in aligning diverse stakeholder perspectives and
balancing competing priorities in supplier assessment. These challenges highlight the need for a
comprehensive, flexible, and practically implementable supplier evaluation framework that
addresses the multifaceted requirements of contemporary supply chain management while
maintaining methodological rigor and operational feasibility.
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1.2 The SDOMSE Proposition

The Supplier Decision Optimization Method with Synthetic Evaluation (SDOMSE) emerges as
a response to these identified challenges and research gaps. Building upon the methodological
advancements discussed above, SDOMSE introduces several key innovations:

Hybrid Architectural Framework: Integration of structured expert judgment with quantitative
performance data through a unified scoring system.

Adaptive Methodological Components: Flexible weighting mechanisms (SMART/simplified
AHP), multiple normalization strategies, and comprehensive sensitivity analysis.

Explicit Resilience Quantification: Incorporation of a robustness factor (0.9-1.1) sys-
tematically accounting for supply chain resilience and risk mitigation capabilities.

Dynamic Update Capability: Support for iterative evaluations, periodic updates, and
continuous improvement through versioned assessments

Operational Practicality: Balanced approach maintaining methodological sophistication while
ensuring implementability across diverse organizational contexts.

SDOMSE positions itself as both an academic contribution to MCDA literature and a practical tool
for enhancing supplier decision-making in dynamic, uncertain business environments.

1.3 Research Objectives

This study aims to:

* Formalize the mathematical foundations and methodological framework of the SDOMSE
approach

* Conduct comprehensive comparative analysis positioning SDOMSE against established
MCDA and procurement models

* Demonstrate practical applicability through case studies across multiple industrial sectors
* Validate methodological flexibility and effectiveness under conditions of uncertainty and
evolving priorities

* Establish implementation guidelines and best practices for organizational adoption

2- Methodological Framework

2.1 Theoretical Foundations

SDOMSE operates as a hybrid MCDA framework incorporating the components detailed in
Table 1.
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2.2 Mathematical Formulation
2.2.1 Criteria Definition and Weighting
Let the evaluation criteria set be defined as shown in Equation 1:
C={C1,C2,...,Cn}, neN (1)

Each criterion C7 belongs to a specific category and is associated with a weight wz €[0, 1],

satisfying the normalization constraint in Equation 2:

Z;wj ~1. 2)

Table 1. SDOMSE Methodological Components Overview

Component Methodology Key Features

Weighting Scheme | SMART/Simplified | Collaborative workshop approach, departmental

AHP integration,
Scoring System Hybrid 0-10 scale Combines quantitative data with qualitative expert
judgment,
Normalization Adaptive strategies | Multiple approaches: Z-score, benchmark-
based, min-max
Aggregation Weighted linear| Transparent computation, easily interpretable
model results, linear
Robustness Multiplicative factor | Accounts for historical performance, risk
Adjustment mitigation capacity,
Sensitivity Analysis| Local and global Monte Carlo simulation, weight perturbation,
methods scenario test-
The weight vector w = [w], w2, ..., wn]T € R” represents the relative importance of each

criterion. Typical weight distributions across criteria categories are presented in Table 2.

Table 2. Criteria Categories and Exemplary Weights

Category Exemplary Criteria Typical Weight (%)
Quality Non-conformance rate, SO certifications, 20-30
Cost Unit price, logistics costs, total cost of owner- 15-25
Delivery Lead time, punctuality rate, delivery flexibility 10-20
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Flexibility Emergency response, MOQ flexibility, adapta- 8-15
Reliability Collaboration history, financial stability, con- 10-20
Sustainability CSR policies, carbon footprint, environmental 5-15
Innovation Co-development capability, patents, R&D in- 3-10

2.2.2 Supplier Evaluation Matrix

Consider m suppliers as defined in Equation 3:

S ={81,82,....5m} 3)

For each supplier S7 and criterion Cy, we define a raw score 77 € [0, 10], generating the raw

score matrix R € R”? ™7 shown in Equation 4:

i1 Tiz ' Tin
T T T

R=|"21 T2z 7 Tan| @)
Tm1 Tmz2 ° Tmn

The scoring methodology follows standardized evaluation grids as illustrated in Table 3.

Table 3: Exemplary Scoring Grid for Quantitative and Qualitative Criteria

Score | Quantitative Example (Punctuality) Qualitative Example (Innovation)

10 > 98% on-time delivery rate, excep- | Industry leadership, multiple patents,
tional performance continuous innovation

g 95-98% on-time delivery, strong perfor- | Strong capabilities, recent innovations,
mance good R&D

5 85-94% on-time delivery, average per- Average capabilities, some improvements,
formance basic R&D

) 70-84% on-time delivery, weak perfor- | Limited capabilities, minimal innovation,
mance reactive approach

0 < 70% on-time delivery, unacceptable | No demonstrated innovation capacity,
performance no R&D investment
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2.2.3 Score Normalization Techniques

To ensure comparability across criteria, we implement adaptive normalization. For each criterion
Cy, we compute the statistical moments as shown in Equations 5 and 6:

The z-score normalization is then applied according to Equation 7:

9j

Alternative normalization approaches include min-max transformation as defined in Equation 8:
Ny = (rij = min; 1)/ (max; 1ij — min; 7)) ®)

A comprehensive comparison of normalization methods available in SDOMSE is provided in
Table 4.
Table 4. Normalization Method Comparison in SDOMSE

Mathematical N
Method Formulation Advantages Limitations
T — Ui Robust to outliers, Can produce negative
Z-score N; =—+—" preserves distribution | values, assumes normal
g shape distribution
. TN min.Tij Simple interpretation, Highly sensitive to
Min-max Ny = j bounded [0,1] extreme values

max; Tij — min; Tij

Incorporates industry

Benchmark- Tij : Requires reliable
N;; = context, strategic
based Y Benchmark; alignment benchmarks
Logistic scaling | N;; = Lis Bounded output [0,1], (I:rcl)%rf}:;lllstz(tlional
974 + e~(rij— 1)) /Uj smooth transformation complexity

2.2.4 Weighted Aggregation Model

The composite score S7 for each supplier S7 is computed via weighted linear aggregation as
defined in Equation 9:

" )
Si = ijl a)j. Nl'j
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In matrix form, this becomes Equation 10:
S=N-w (10)

where S = [S1, 82, ..., Sm] Te R™. A detailed example of the weighted aggregation process is
demonstrated in Table 5.

Table 5. Weighted Aggregation Example for Supplier Evaluation

Criterion ?Xg ht glco(:'lfgf(lll\llz_(i;i) \CK;eIil Il'litlfgtion Cumulative Score
Quality 0.25 0.85 0.2125 0.2125
Cost 0.20 0.72 0.1440 0.3565
Delivery Performance 0.15 0.90 0.1350 0.4915
Operational Flexibility 0.10 0.65 0.0650 0.5565
Historical Reliability 0.15 0.88 0.1320 0.6885
Sustainability 0.10 0.75 0.0750 0.7635
Innovation Capability 0.05 0.60 0.0300 0.7935
Total 1.00 5.35 0.7935 0.7935

2.2.5 Robustness Adjustment Framework

Each supplier S; is assigned a robustness factor p7 € [0.9, 1.1], reflecting supply chain resilience
capabilities. The final score F7 is calculated as shown in Equation 11:
Fi =Si pi (11)

In vector form, this becomes Equation 12:

F=SQp (12)
where p = [p1, ..., pm]T. The determination criteria for robustness factors are detailed in Table
6.

2.2.6 Ranking and Sensitivity Analysis
Suppliers are ranked by sorting F in descending order according to Equation 13:
Rank(.S7) = Order(Fy) (13)

Sensitivity analysis incorporates both local and global approaches as summarized in Table 7.
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Table 6. Robustness Factor Determination Criteria

Assessment Evaluation Criteria Impact on p
Dimension
Historical Stability | Past performance consist¢nq¥, crisis management +0.05-0.10
performance, delivery reliability during disruptions
Financial Health Credit ratings, financial ratios, liquidity position, debtto- | =0.03-0.07
equity ratio
Geopolitical Risk | Country stability, trade restrictions, regulatory +0.02-0.08
environment, political risks
Supply Chain Depth Multi-tier visibility, backup suppliers, inventory +0.04-0.06
management, supply chain transparency
8ualjt ) ISO standards, audit results, quality management +0.02-0.04
ertifications systems, certification renewals
Business Continuity| Disaster recovery plans, redundancy systems, emergency | +0.03-0.05
protocols, risk mitigation strategies
Table 7. Sensitivity Analysis Methods in SDOMSE
Method Analytical Approach | Key Parameters Primary Output
Local Sensitivity Systematic weight 0 = =£5%, +=10%, Ranking stability
perturbation +15% analysis
Monte Carlo, Random sampling 1000-10000 iterations | Probability distributions
Simulation from ~ probability of rankings
distributions
Scenario Analysis Predefined business| Best/worst case, marketf Range  of  possible
scenarios changes outcomes
Tornado Analysis One-at-a-time Variation  of  each Identification of most
sensitivity across all criterion influential criteria
criteria

2.2.7 Iterative Framework and Continuous Improvement

For evaluation periods ¢ € N (e.g., quarterly), versioned assessments enable performance tracking

through the delta calculation in Equation 14:

AF® = g _ g(t-1)

The iterative evaluation framework components are detailed in Table 8.

(14)
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Table 8. Iterative evaluation framework components

revicw

steering committee

Component Update Frequency | Responsible Party | Key Performance Metrics
o - Annual/Bi-annual | Cross-functional Strategic alignment, objective
Criteria Weights : : : achievement

Supplier Scores

Quarterly
performance
reviews

Procurement and
quality teams

Performance trends,
1mprovement areas

Robustness Factors

Semi-annual risk
assessment

Risk management
department

Risk profile changes, incident
frequency

Normalization Basis

Annual benchmark
updates

Data analytics and
market intelligence

Industry benchmarks,
competitive positioning

Scoring Grids

As needed based
on changes

Quality and
standards
department

Measurement accuracy, criterion
relevance

3- Implementation Methodology

3.1 Evaluation Criteria Definition

The comprehensive supplier evaluation criteria structure implemented in SDOMSE is presented in
Table 9, which serves as the foundation for the supplier assessment process.

Table 9. Comprehensive Supplier Evaluation Criteria Framework

Category Specific Criteria Metric Type | Primary Data Source

Quality Product defect rate, ISO 9001 Quantitative/ Quality reports,
certification, Customer return rate, Binary Certification bodies, Sales
Quality audit score data, Audit records

Cost Unit purchase price, Logistics Quantitative/ Procurement data, Logistics
costs, Payment term flexibility, Qualitative reports, Supplier
Total cost of ownership negotiations, Cost analysis

Delivery On-time delivery rate, Lead time Delivery records, Historical
variability, Emergency response Quantitative | data, Crisis incidents, Order
time, Delivery accuracy tracking
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4- Case Study: Automotive Sector Application

4.1 Supplier Profiles and Evaluation

The practical application of SDOMSE in the automotive sector is demonstrated through the
evaluation matrix presented in Table 10, which compares three distinct supplier profiles across
multiple criteria with associated robustness factors.

Table 10. Automotive Supplier Evaluation Matrix Using SDOMSE

Evaluation Criterion Weight | Supplier A | Supplier B | Supplier C
Quality Performance 0.25 9 6 7
Cost Competitiveness 0.20 5 8 9
Delivery Performance 0.15 8 7 4
Operational Flexibility 0.10 9 6 5
Historical Reliability 0.15 10 6 6
Sustainability 0.10 6 5 7
Innovation Capability 0.05 8 5 6
Weighted Average Score 7.95 6.55 6.40
Robustness Factor 1.0 0.95 0.90
Final Adjusted Score 7.95 6.22 5.76
Final Ranking 1 2 3

5- Comparative Analysis with Traditional MCDA Methods
5.1 Methodological Overview

This section provides a comprehensive comparative analysis of SDOMSE against established
multi-criteria decision analysis methods. The comparison framework, summarized in Table 11,
evaluates key methodological characteristics across seven prominent approaches.

Table 11. Comparative Analysis of SDOMSE with Traditional MCDA Methods

Feature/Method SDOMSE AHP TOPSIS TCO VIKOR Kraljic Matrix| DEA
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Methodology Type | Hybrid MCDA Hierarchical Distance- Cost- focused Compromise | Strategic Efficiency
MCDA based financial solution portfolio tool benchmarking
MCDA MCDA
Quantitative Data Strong integration | Moderate Strong focus | Primary Moderate Limited use Strong em-
emphasis integration
use phasis
Qualitative Input Structured Pairwise Limited Minimal Good Subjective Hybrid forms
integration comparisons suitability consideration | integration assessment only
Weighting High High but| Required Limited Required No explicit Implicit
Flexibility (SMART/AHP) complex vector scope weights weights through DEA
Normalization Adaptive multiple | Not Euclidean Not Ideal solution| Not applicable Input-output
standardized applicable ratios
based
Robustness Factor | Explicit inclusion | Not native Not included | Not Possible Not considered | Not
considered integration considered
Sensitivity Analysis| Comprehensive Manual Manual Limited Built-in No native| Limited
process adjustment relevance features support capabilities
suite
Update Capability | Iterative Manual Static Periodic Manual Strategic Manual
framework reevaluation  [snapshots updates process updates recalculation
Volatility Specifically Requires Sensitive  to| Static  costf Context High-level only | Sensitive  to|
Adaptation designed stability extremes focus adaptive noise
Implementation Moderate High Moderate Low Moderate Low High
complexity complexity complexity complexity | complexity complexity complexity
Auditability Fully traceable Documented Transparent | Financial Needs Subjective Mathematical
process logic records explanation rationale rigor

5.2 Detailed Method Descriptions

5.2.1 Analytic Hierarchy Process (AHP)

The Analytic Hierarchy Process, developed by Saaty [18], employs a hierarchical structure to
decompose complex decision problems into smaller constituent elements. The method utilizes

pairwise comparisons to derive ratio scales of relative importance among criteria and alternatives.
While AHP provides strong theoretical foundations for capturing expert judgments, it suffers from
potential consistency issues and requires numerous comparisons (zz(n — 1)/2 for n criteria),
making it computationally intensive for large-scale supplier evaluations. AHP is particularly well-

166


https://icmads.org/

The 1st International Conference on Mathematics and Applied Data Science (ICMADS’25)
29-31 August 2025, Konya, Tiirkiye

suited for strategic decisions with limited alternatives and well-structured criteria hierarchies.
5.2.2 Technique for Order Preference by Similarity to Ideal Solution (TOPSIS)

TOPSIS works on the idea that the best option should be the one that is closest to the positive ideal
solution and the farthest from the negative ideal solution. This distance-based method gives clear
results that are easy to understand and can be calculated quickly. However, TOPSIS is sensitive to
outlier values and data scaling methods, and it assumes that the relationships between criteria are
linear. The method works best in situations where there is a lot of consistent quantitative data and
where relative positioning to ideal benchmarks is important.

5.2.3 Total Cost of Ownership (TCO)

The Total Cost of Ownership approach adopts a comprehensive financial perspective,
incorporating all costs associated with the acquisition, use, and maintenance of supplier products
or services throughout their lifecycle. TCO provides exceptional cost transparency and facilitates
direct financial comparisons between alternatives. Its primary limitation lies in the difficulty of
quantifying non-financial criteria such as innovation capability, corporate social responsibility,
and strategic alignment. TCO is ideally deployed in capital-intensive industries and cost-driven
procurement scenarios.

5.2.4 VIKOR Method

VIKOR (VlseKriterijumska Optimizacija I Kompromisno Resenje) focuses on identifying
compromise solutions that provide maximum group utility for the majority while minimizing
individual regret for the opponent. This method is particularly valuable in contexts requiring
balanced solutions between competing objectives and stakeholder groups. VIKOR incorporates
both qualitative and quantitative criteria but demands substantial understanding of its underlying
com- promise programming logic. It proves most effective in situations requiring consensus-
building among diverse stakeholders with conflicting priorities.

5.2.5 Kraljic Matrix

The Kraljic Portfolio Matrix is more of a strategic positioning tool than a detailed scoring system.
It sorts supplier relationships into two categories: those that affect profits and those that are risky
for the supply chain. This high-level approach makes it easier to manage a strategic supplier
portfolio and allocate resources, but it doesn’t have the detail needed to accurately rank suppliers
or measure their performance. The Kraljic Matrix is best for sorting suppliers into groups and
coming up with different ways to work with each group of suppliers.

5.2.6 Data Envelopment Analysis (DEA)

Data Envelopment Analysis employs linear programming to measure the relative efficiency of
decision-making units by constructing an efficient frontier based on optimal input-output
combinations. As a purely data-driven method, DEA objectively identifies best practices and
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efficiency benchmarks without requiring predetermined weights. However, it demands substantial
accurate data, exhibits sensitivity to outliers, and provides limited guidance for performance
improvement beyond efficiency scores. DEA is predominantly valuable for operational efficiency
benchmarking in data-rich environments.

5.2.7 SDOMSE Positioning

SDOMSE differentiates out because its hybrid architecture combines the best parts of different
approaches while also fixing their problems. The method uses structured weighting from AHP,
flexible normalization from TOPSIS, and a wide range of assessments beyond TCO. It also adds
unique robustness factors to make the supply chain more resilient. This integrated approach makes
SDOMSE especially good for environments that are constantly changing and need to take into
account both quantitative performance, qualitative judgments, and risk mitigation capabilities.

6- Conclusion

Combining methodological rigor with operational practicality, the SDOMSE method represents a
significant advancement in supplier evaluation methodology. Its hybrid architecture, which
combines quantitative metrics, structured expert judgment, and clear robustness factors, makes it
a complete framework that works well in business environments that are unstable and
unpredictable.

The comparative analysis in Section 5 shows that SDOMSE is different from other MCDA tools.
SDOMSE is different from traditional methods that work well in some areas but not in others. It
takes a more balanced approach that deals with the many different aspects of modern supplier
evaluation problems. The method’s adaptive normalization, clear robustness factors, and thorough
sensitivity analysis give decision-makers both clear results and information about how stable the
solution is.

Large-scale empirical validation across several industries, integration with Al and digital
procurement platforms, expansion to multi-tier supply chain evaluation, and creation of industry-
specific customization frameworks are some of the future research directions. This paper’s
methodological underpinnings position SDOMSE as a significant addition to the changing
landscape of supplier evaluation and selection methodologies, providing both academic rigor and
usefulness for real-world implementation.
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